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Fh^_ebjh\Zgb_�y\ey_lky�h^gbf�ba�fhsguo�kh\j_f_gguo�bgkljmf_g�

lh\�bkke_^h\Zgby�kbkl_f�b�bo�\aZbfh^_ckl\by�f_`^m�kh[hc.�<�jy^m kms_�

kl\mxsbo f_lh^h\�fh^_ebjh\Zgby \Z`g_crmx�jhev�b]jZ_l�bfblZpbhggh_�

fh^_ebjh\Zgb_��BF� �� gZ� W<F� beb� pbnjh\h_� fh^_ebjh\Zgb_�� <� hkgh\_�

BF� e_`bl� aZf_gZ� j_Zevghc� nbabq_kdhc� kbkl_fu�� ijhp_kkZ� __ ijb[eb�
`_gguf� hlh[jZ`_gb_f� \ \b^_ fZl_fZlbq_kdhc fh^_eb�� fh^_ebjmxs_]h�

Ze]hjblfZ�b�khhl\_lkl\mxs_]h�ijh]jZffgh]h�h[_ki_q_gby��\�k\h_c�kh\h�

dmighklb�j_Zebamxsbo�\hkijhba\_^_gb_�gZ�W<F�bgl_j_kmxsbo�Zki_dlh\�

nmgdpbhgbjh\Zgby�bkoh^ghc�kbkl_fu��<Z`gh�ih^q_jdgmlv��qlh�BF�wlh�g_�

l_hjby�� Z� kbgl_lbq_kdZy� f_lh^heh]by� j_r_gby� ijh[e_fu� bkke_^h\Zgby�

keh`guo� kbkl_f��hkgh\ZggZy�gZ� wdki_jbf_glbjh\Zgbb� k�pbnjh\hc�fh^_�

evx�j_Zevghc�kbkl_fu� 
>Zgguc� dmjk� y\ey_lky� _kl_kl\_gguf�ijh^he`_gb_f� dmjkZ� ©Fh^_eb�

jh\Zgb_� jZ^bhl_ogbq_kdbo� dZgZeh\� i_j_^Zqb� bgnhjfZpbbª�� qblZ_fh]h�

klm^_glZf� ��dmjkZ�^g_\gh]h�hl^_e_gby�\���k_f_klj_��\�dhlhjhf�hkgh\gh_�

\gbfZgb_�m^_ey_lky�jZkkfhlj_gbx�\hijhkh\�fh^_ebjh\Zgby�\aZbfh^_ckl�

\by�\�bgnhjfZpbhgguo�kbkl_fZo��BK��b��]eZ\guf�h[jZahf��\�jZ^bhl_ogb�

q_kdbo� kbkl_fZo�� G_h[oh^bfhklv� ki_pbZevgh]h� jZkkfhlj_gby� \hijhkh\�

fh^_ebjh\Zgby�dZgZeh\�i_j_^Zqb�bgnhjfZpbb� �DIB��hij_^_ey_lky�g_h[�

oh^bfhklvx� Z[kljZ]bjh\Zlvky� hl� jy^Z� lhgdbo� wnn_dlh\�ijb� \hkijhba\_�

^_gbb� [hevrh]h� dhebq_kl\Z� \hagbdZxsbo� \aZbfh^_ckl\bc� k� h[t_dlZfb�

\g_rg_c�kj_^u��qlh�oZjZdl_jgh�^ey�mkeh\bc�nmgdpbhgbjh\Zgby�keh`guo�

b�[hevrbo�kbkl_f��D�qbkem�lZdbo�jZg__�jZkkfhlj_gguo�\hijhkh\�hlghkyl�

ky�\hijhku�ZgZebaZ��ij_h[jZah\Zgbc�kb]gZeh\�b�bgnhjfZpbhgguo�ijhp_k�

kh\� \� ebg_cguo� b� g_ebg_cguo� a\_gvyo� jZ^bhljZdlh\�� gZ� ljZkk_� jZkijh�

kljZg_gby�jZ^bh\heg�DIB�b�l�^��<�j_amevlZl_�kha^ZgZ�hkgh\Z��iha\heyx�

sZy�\� khhl\_lkl\bb�k�hkgh\guf�ijbgpbihf�nmgdpbhgZevgh]h�fh^_ebjh�

\Zgby� \� jZfdZo� ^Zggh]h� dmjkZ� i_j_clb� d� jZkkfhlj_gbx� ijbgpbih\� ih�

kljh_gby�fZl_fZlbq_kdbo�b�pbnjh\uo�fh^_e_c�BK��\\h^y�mijhs_ggu_�^_�

l_jfbgbjh\Zggu_� beb� \_jhylghklgu_� nmgdpbhgZevgu_� wd\b\Ze_glu�

\aZbfhk\ya_c�kbkl_fu�k�\g_rg_c�kj_^hc��Z�lZd`_�f_`^m�we_f_glZfb�\gml�

jb� kZfhc� kbkl_fu�� <� ^Zgguo� f_lh^bq_kdbo� mdZaZgbyo� jZkkfZljb\Zxlky�

jZaghh[jZagu_�f_lh^u�b�ih^oh^u�kbkl_fgh]h�fh^_ebjh\Zgby��h[t_^bg_g�

gu_� \� jZfdZo� i_j\hc� -� h[s_c� qZklb� qblZ_fh]h� dmjkZ��Ih� l_dklm� ^Zxlky�

ijbf_ju�b�dhgljhevgu_� aZ^Zgby�� kihkh[kl\mxsb_��m]em[e_gghfm�bamq_�

gbx�ij_^f_lZ� 
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��Bkoh^gu_�iheh`_gby�f_lh^heh]bb�kbkl_fgh]h�fh^_ebjh\Zgby 
����Hkgh\gu_�ihgylby��B_jZjobq_kdb_�hibkZgby�keh`guo�kbkl_f 
Kbkl_fZ -� p_ehklgh_�� hj]Zgbqgh� _^bgh_� h[jZah\Zgb_�� khklhys__ ba�

fgh`_kl\Z�we_f_glh\,�gZoh^ysboky�\�hlghr_gbyo�beb�k\yayo�^jm] k�^jm�
]hf� 

P_e_\h_�gZagZq_gb_�kbkl_fu� -�`_eZ_fuc�j_amevlZl��dhlhjuc�^he`_g�
[ulv ^hklb]gml�\�ijhp_kk_�nmgdpbhgbjh\Zgby�kbkl_fu� 

KljmdlmjZ� -� hibkZgb_� kh\hdmighklb� mklhcqb\uo� k\ya_c� f_`^m� we_�
f_glZfb�kbkl_fu� 

<g_rgyy�kj_^Z� -�kh\hdmighklv�ki_pbZevguo�we_f_glh\� -h[t_dlh\�_k�
l_kl\_ggh]h� beb� bkdmkkl\_ggh]h� ijhbkoh`^_gby�� g_� \oh^ysbo� \� khklZ\�

kbkl_fu�� gh� hdZau\Zxsbo� gZ� g__� hij_^_e_ggh_� \ha^_ckl\b_� b� hij_^_�

eyxsbo�kms_kl\_ggu_�mkeh\by�__�nmgdpbhgbjh\Zgby� 
�<aZbfh^_ckl\b_� kbkl_f�� we_f_glh\� kbkl_f,� h[t_dlh\�� -� \aZbfgh_ 

\ebygb_��ijb\h^ys__�d�g_dbf�kms_kl\_gguf baf_g_gbyf�\�bo�khklhygbb�
(wg_j]_lbq_kdbf� obfbq_kdbf� bgnhjfZpbhgguf b�l�i�� 

BgnhjfZpbhggZy�kbkl_fZ�BK�-�kbkl_fZ,�p_e_\h_�gZagZq_gb_, khklZ\�b 
kljmdlmjZ� dhlhjhc� hjb_glbjh\Zgu� gZ� jZaebqgh]h jh^Z ij_h[jZah\Zgby�
bgnhjfZpbb� Khhl\_lkl\_ggh� hkgh\guf� lbihf \aZbfh^_ckl\by� ^ey� BK�
y\ey_lky�bgnhjfZpbhggh_�\aZbfh^_ckl\b_�(B<). 

B_jZjoby� -� jZkiheh`_gb_� qZkl_c� b� we_f_glh\� p_eh]h� \� ihjy^d_� hl�
\ukr_]h�d�gbar_fm� 

Ijb�b_jZjobq_kdhf�hibkZgbb�keh`guo�kbkl_f�ijbf_gyxlky�jZaebq�

gu_�kihkh[u��<h�\k_o�gbo�bkihevam_lky�jh^h\h_�ihgylb_�-�mjh\_gv�b_jZj�
obb��bf_xs__�jZaebqguc�kfuke�\�aZ\bkbfhklb�hl�kihkh[Z�hibkZgby��Km�

s_kl\m_l� ljb� hkgh\guo� lbiZ� b_jZjobb:� ��gZ� hkgh\_� \u^_e_gby� kljZl� - 
mjh\g_c�Z[kljZ]bjh\Zgby��Zki_dlh\��hibkZgby�kbkl_fu;���gZ�hkgh\_�\u^_�
e_gby�keh_\�-�mjh\g_c�keh`ghklb�ijbgbfZ_fuo�j_r_gbc�ijb�^hklb`_gbb�

]eh[Zevghc� p_eb;� ��gZ� hkgh\_� \u^_e_gby� wr_ehgh\� beb� mjh\g_c� ih^qb�

g_gghklb�\�hj]ZgbaZpbhgghc�kljmdlmj_�kbkl_fu��>ey�hibkZgbb�j_Zevghc�

kbkl_fu�fh]ml�bkihevah\Zlvky�\k_�lbiu�b_jZjobb� 
Ijb�jZkkfhlj_gbb� \hijhkh\� kbgl_aZ�b� ZgZebaZ� keh`guo�BK�h[uqgh�

ijh\h^blky�bo�^_dhfihabpby�gZ�kbkl_fu�gbar_]h�mjh\gy��dhlhju_�gZau�

\Zxl�ih^kbkl_fZfb�b�dhlhju_��\�k\hx�hq_j_^v��h[eZ^Zxl�nmgdpbhgZevghc�

p_ehklghklvx��\uihegyy�hij_^_e_ggmx�hi_jZpbx��h[_ki_qb\Zxsmx�j_Z�

ebaZpbx� h[s_c� p_e_\hc� nmgdpbb� kbkl_fu�� >Zevg_crZy� ^_dhfihabpby�

ih^kbkl_f�ijb\h^bl�d�h[jZah\Zgbx�b_jZjobb��\�dhlhjhc�h[uqgh�\u^_ey�

xl� q_luj_� mjh\gy: mjh\_gv� kZfhc� kbkl_fu;� mjh\_gv�ih^kbkl_f;� mjh\_gv�
l_ogbq_kdbo� mkljhckl\� beb� nmgdpbhgZevguo� a\_gv_\;� mjh\_gv� ko_fguo�
we_f_glh\��y\eyxsboky�\�^Zgghf�kemqZ_�ij_^_evgufb�_^bgbpZfb�b_jZj�

obq_kdh]h�hibkZgby��<u^_e_ggZy�b_jZjoby�ij_^iheZ]Z_l�g_�lhevdh�jZa^_�
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e_gb_�kbkl_f��ih^kbkl_f�b�l�^��gZ�qZklb� ��gh�b�bkihevah\Zgb_�jZaebqguo�

Zki_dlh\�hibkZgby�kbkl_fu��ihgbfZgby�__�dZd�h[t_dlZ�fZl_jbZevgh]h�fb�

jZ��GZ�kZfhf�\_jog_f�mjh\g_�qZklh�jZkkfZljb\Z_lky�ijhp_kk�nmgdpbhgb�

jh\Zgby�kbkl_fu�dZd�km[t_dlZ�wdhghfbdb�b�l�i��Ke_^mxsbc�mjh\_gv�ih�

a\hey_l�hibku\Zlv�ijhp_kk�ij_h[jZah\Zgby�bgnhjfZpbb�ijb�nmgdpbhgb�

jh\Zgbb�ih^kbkl_f��Mjh\_gv� a\_gv_\� h^gh\j_f_ggh�ij_^iheZ]Z_l� hibkZ�

gb_�ij_h[jZah\Zgbc�kb]gZeh\�-�ghkbl_e_c�bgnhjfZpbb��Gbarbc�mjh\_gv�- 
mjh\_gv�hibkZgby�nbabq_kdbo�ijhp_kkh\��ijhl_dZxsbo�\�we_f_glZo�kbk�

l_fu� 
����FZl_fZlbq_kdb_�hij_^_e_gby�kbkl_f�b�fh^_e_c�kbkl_f�� 
BK��dZd�ex[Zy�keh`gZy�kbkl_fZ��hij_^_ey_lky�lj_fy�hkgh\gufb�dZl_�

]hjbyfb:�we_f_glu��hlghr_gby��k\hckl\Z��H^ghagZqgh_�b�ihegh_�aZ^Zgb_�

wlbo�dZl_]hjbc�nZdlbq_kdb�hij_^_ey_l�kbkl_fm:�__�kljmdlmjm��p_e_\h_�gZ�
agZq_gb_��dZq_kl\Z�b� l�^��JZkkfhlj_gb_�\hafh`guo� kihkh[h\�nhjfZebah�

\Zggh]h� hibkZgby� kbkl_fu� h^ghagZqgh� k\yaZgh� k� ihgylb_f�fh^_eb��Fh�

^_ev� �eZl�� ©f_jZª��wlh�h[t_dl� -� aZf_gbl_ev�h[t_dlZ�hjb]bgZeZ��h[_ki_qb�
\Zxsbc� bamq_gb_� gZb[he__� kms_kl\_gguo� \� bgl_j_kmxs_f� Zki_dl_�

k\hckl\� ihke_^g_]h� b�� gZh[hjhl�� iha\heyxsbc� Z[kljZ]bjh\Zlvky� hl� _]h�

g_kms_kl\_gguo�oZjZdl_jbklbd��Ijb�fZl_fZlbq_kdhc�nhjfZebaZpbb�hib�

kZgby� kbkl_f� jZaebqZxl� ^\Z� ih^oh^Z: kljmdlmjguc�� \� jZfdZo� dhlhjh]h�
hkh[h_� \gbfZgb_� m^_ey_lky� ZgZebam� \gmlj_ggbo� khklhygbc� kbkl_fu�� b�

nmgdpbhgZevguc��\�jZfdZo�dhlhjh]h�khkj_^hlZqb\Zxlky�gZ�bkke_^h\Zgbb�

\g_rgbo�ijhy\e_gbc�kbkl_fu�dZd�ij_h[jZah\Zl_ey�©\oh^�-\uoh^ª��Z�kZfZ�
kbkl_fZ�jZkkfZljb\Z_lky�dZd�©q_jguc�ysbdª� 

;bgZjguf�hlghr_gb_f R�gZ�fgh`_kl\Zo�ijhba\hevghc�ijbjh^u�X,Y 
gZau\Z_lky� ih^fgh`_kl\h� ^_dZjlh\Z� ijhba\_^_gby� wlbo� fgh`_kl\ 
5 ; <⊂ × ��?keb�iZjZ�we_f_glh\� [ ;∈ ∈� �\ < �lZdh\Z��qlh� ( )[ \ 5� ∈ ��lh�wlhl�

nZdl� h[hagZqZxl� lZd`_� ke_^mxsbf� h[jZahf: xRy. Imklv� { }; ;L= ∈� �L ,Q  

k_f_ckl\h�fgh`_kl\��]^_� In fgh`_kl\h�p_ehqbke_gguo�bg^_dkh\��Lh]^Z�\�
khhl\_lkl\bb�k�l_hj_lbdh-fgh`_kl\_gguf�ih^oh^hf�h[sZy�kbkl_fZ�S,�aZ�
^ZggZy�gZ�wlhf�k_f_ckl\_��hij_^_ey_lky�dZd�n-Zjgh_�hlghr_gb_�beb�ih^�

fgh`_kl\h�^_dZjlh\Z�ijhba\_^_gby� L; ��L ,Q∈ ,   6 ; ; ;L L LQ
⊂ × × ×

� �
� . 

>Zggh_�h[s__�hij_^_e_gb_�\�aZ\bkbfhklb�hl�lh]h��dZdbf�kh^_j`Zgb�

_f�gZ^_eyxlky�fgh`_kl\Z� L; ��L ,Q∈ ���iha\hey_l�ihemqblv�hij_^_e_gb_�kbk�

l_fu�\�khhl\_lkl\bb�k�l_f�beb�bguf�ih^oh^hf��<\_^_f�ihgylb_�mgb\_j�

kmfZ��ih^� dhlhjuf�ihgbfZ_lky�[Zah\h_�fgh`_kl\h�� kh^_j`Zs__� \k_� we_�

f_glu�dZdhc-eb[h�ij_^f_lghc�h[eZklb��Imklv�M -�mgb\_jkmf�we_f_glh\; T 
- mgb\_jkmf�hlghr_gbc�f_`^m�gbfb; V - mgb\_jkmf�k\hckl\��j_Zebam_fuo�
gZ�wlbo�hlghr_gbyo��lh]^Z�kbkl_fZ�S  

6⊂ × × ×�0 7 9�  �< �  �: 9V , 
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]^_�Ys - mgb\_jkmf�kbkl_f�; W = M×T - mgb\_jkmf�kljmdlmjguo�oZjZdl_jb�
klbd��Z�V - mgb\_jkmf�iZjZf_ljh\�kbkl_f��h[_ki_qb\Zxsbo�g_h[oh^bfuc�

mjh\_gv�^_lZebaZpbb�hibkZgby�we_f_glh\�b�k\ya_c�f_`^m�gbfb� 
Hij_^_ebf�l_i_jv�X dZd�fgh`_kl\h�\oh^guo�h[t_dlh\��Z�Y - \uoh^�

guo� h[t_dlh\.�Lh]^Z� ijb� j_ZebaZpbb�nmgdpbhgZevgh]h�ih^oh^Z� kbkl_fZ�
hij_^_ey_lky�dZd�[bgZjgh_�hlghr_gb_�6 ; <⊂ × ��QZklh�\f_klh�[bgZjgh]h�

hlghr_gby�ijb�wlhf�bkihevam_lky�hlh[jZ`_gb_�beb�nmgdpby 
( )6�� 6��;� �<�� ���I�� �;� �<� ����� [� \ �\  I�[�→ → ∈ → , 

lh�_klv�h^ghagZqgh_�ij_h[jZah\Zgb_�\oh^-\uoh^��^ey�dhlhjh]h�ijb�ex[uo�
x1, x2,     x1Sy1 Λ x1Sy2 → y1=y2. 
>ey� hij_^_e_gby� fh^_e_c� kbkl_f� bkihevamxlky� ihgylby� fhjnbafh\��

Fhjnbaf� hagZqZ_l� khhl\_lkl\b_�� lh� _klv�ijZ\beh��ih�dhlhjhfm�dZ`^hfm�

we_f_glm�ijhkljZgkl\Z�K ' klZ\blky� \� khhl\_lkl\bb� we_f_gl�ijhkljZgkl\Z�
K"
��<u^_eyxl�ihgylby�]hfhfhjnbafZ�b�bahfhjnbafZ��<�lhf�kemqZ_��dh]^Z�

K '
� hlh[jZ`Z_lky� g_� h[yaZl_evgh� gZ� \k_�K"

�� gh� k� khojZg_gb_f� g_dhlhjuo�

h[sbo� k\hckl\�� lh� lZdh_� hlh[jZ`_gb_�gZau\Z_lky� ]hfhfhjnbafhf��?keb�

`_�fhjnbaf�hlh[jZ`Z_l�\k_�we_f_glu�K '
�gZ�K"

�\aZbfgh� -�h^ghagZqgh��lh�
wlh�gZau\Z_lky�bahfhjnbafhf��Z�ijhkljZgkl\Z�K '

�b�K" -�bahfhjngufb��>ey�
h[s_]h�hij_^_e_gby� kbkl_f�\\h^blky� ke_^mxs__�ihgylb_�fh^_eb��Imklv�

6 ; <�⊂ × b� 6 ; <
 
 
⊂ × �b�hx:X→X 
  hy: Y→Y 
 hlh[jZ`_gby��Lh]^Z�hlh[jZ�

`_gb_ ( ) ( ) ( )( )K [� \  �[\ K [ K \[ \� �  gZau\Z_lky�]hfhjnbafhf�hlghr_gbc�ba�S \�

S 
 ��Z�S 
 fh^_evx�kbkl_fu��_keb 
( ) ( ) ( ) ( )( )∀ ∈ → ∈[ \ 6� [ K \\� ��� � [� \ � K � �6[


 . 

Imklv� kbkl_fZ�S⊂ W×V _klv� ih^fgh`_kl\h� ^_dZjlh\Z� ijhba\_^_gby�
fgh`_kl\� kljmdlmjguo� oZjZdl_jbklbd� b� iZjZf_ljh\� kbkl_fu�� DZ`^uc�

we_f_gl S [m^_f�gZau\Zlv�\ZjbZglhf�kbkl_fu��hij_^_ey_fuc�iZjhc�(w,v) 
b�h[hagZqZlv� ( )6ZY �  �6 Z�Y � �6�∈   

����AZ^Zqb�kbgl_aZ�b�ZgZebaZ�keh`guo�kbkl_f 
Kh\hdmighklv�aZ^Zq��\hagbdZxsbo�\�k\yab�k�bkke_^h\Zgb_f�keh`guo�

kbkl_f��jZa[b\Z_lky�gZ�^\Z�deZkkZ:�ZgZeba�b�kbgl_a� 
AZ^ZqZ�ZgZebaZ�khklhbl�\�bamq_gbb�k\hckl\�kbkl_fu��_keb�aZ^Zgu: oZ�

jZdl_jbklbdb�\g_rg_c�kj_^u��Z�lZd`_�ex[uo�kljmdlmjguo�b�iZjZf_ljbq_�

kdbo� g_hij_^_e_gghkl_c� \� \b^_� mihjy^hq_ggh]h� gZ[hjZ� ^Zgguo� ω ∈Ω ; 
kljmdlmjZ�b�iZjZf_lju�Z :∈ ∈� �Y 9 �\ZjbZglZ�kbkl_fu�6 6ZY ∈  ;�hp_ghqgh_�

hlh[jZ`_gb_�\b^Z� .��6 � �8Q× →Ω  ,�]^_� 8Q  -�fgh`_kl\h�agZq_gbc�hp_ghq�
ghc�nmgdpbb��hibku\Zxsbo�gZ[hj�ba�n ihdZaZl_e_c�wnn_dlb\ghklb�kbk�
l_fu� 
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<� oh^_� j_r_gby� aZ^Zqb� kbgl_aZ� lj_[m_lky� gZclb� \ZjbZgl� 6ZY

 ∈ �6 , 

m^h\e_l\hjyxsbc� j_kmjkguf� ( ) ( )4 6 4 Z Y 4YZ

 
 
�= ≤ � � � b� djbl_jbZevguf��

( ) ( ). 6YZ

 �ω ω≥ �. ��  h]jZgbq_gbyf��lZdhc��qlh�^ey� 

∀ω ∈Ω�  � 6 �6ZY∀ ∈ :     ( ) ( ). 6 . 6YZ YZ

 � �ω ω�5

i ,                    (1) 

]^_� 5 i � ijZ\beh� ij_^ihql_gby� \� \b^_� [bgZjgh]h� hlghr_gby� ihjy^dZ�

�©[ulv�emqr_ª��gZ� 8Q ��Fgh`_kl\h� ( ){ }6
^

4⊆ ≤�6� �6 � 6 �4 6
^ ZY VZ� � � �gZau\Z�

_lky� fgh`_kl\hf� ^himklbfuo� kbkl_f�� Fgh`_kl\h� 6k^ ⊆ ⊂�6 � �6�^  

( ) ( ){ }�6 � 6 �. 6 � � �6 6k^ ZY ZY ZY ^� � � �ω ω ω≥ ∈ ∈.� Ω �gZau\Z_lky�fgh`_kl\hf�kljh�

]h�^himklbfuo�kbkl_f� 
>ey� ih^Z\eyxs_]h� [hevrbgkl\Z� keh`guo� kbkl_f� j_r_gb_� aZ^Zqb�

kbgl_aZ� \� ihklZgh\d_� ���� g_� fh`_l� [ulv� ihemq_gh� iml_f� h^ghc� nhjfZ- 
evgh� hij_^_e_gghc� hi_jZpbb� hilbfbaZpbb�� Ihwlhfm� \� oh^_� j_Zevgh]h�

kbgl_aZ�hkms_kl\ey_lky�kbkl_fguc�ih^oh^��]eZ\gZy�b^_y�dhlhjh]h�khklhbl�

\� khq_lZgbb�nhjfZevguo�b�g_nhjfZevguo� �w\jbklbq_kdbo�� ijb_fh\��gZ�

ijZ\e_gguo�gZ� jZkqe_g_gb_� �^_dhfihabpbx�� ijhp_kkZ� j_r_gby� keh`ghc�

ijh[e_fu�gZ�hl^_evgu_�khklZ\eyxsb_��gh�ijb�wlhf�lZdbf�h[jZahf��qlh[u�

gZklhevdh��gZkdhevdh�wlh�\hafh`gh�mq_klv�k\yab�f_`^m�gbfb�b�khojZgblv�

p_ehklgh_�ij_^klZ\e_gb_�h�kbkl_f_��Ijb�wlhf�\\h^blky�ke_^mxsZy�b_jZj�

oby�keh_\�ijbgylby�j_r_gbc��\�jZfdZo�dZ`^h]h�ba�dhlhjuo�nbdkbjmxlky�

iZjZf_lju�j_r_gby�h[s_c�aZ^Zqb�ih�qZklyf: 
1) kehc�\u[hjZ�fgh`_kl\Z�g_hij_^_e_gghkl_c�b�Zevl_jgZlb\guo�kljZ�

l_]bc�� gZ� dhlhjhf� aZ^Z_lky� ^bkdj_lgh_�fgh`_kl\h� \ZjbZglh\� kbkl_fu� b�

bkoh^guo�^Zgguo� 
    { }������������������������$ �6 �Y 9 �Z : �D D D D� � � �= ∈ ∈ ∈6ZY ω Ω ; 

2) kehc�h[mq_gby�beb�Z^ZilZpbb�� aZ^Zq_c�dhlhjh]h�y\ey_lky�km`_gb_�
fgh`_kl\Z�g_hij_^_e_gghkl_c�aZ�kq_l�bamq_gby�\g_rg_c�kj_^u�b�gZ�dhlh�

jhf�nZdlbq_kdb�ijh\h^blky�ZgZeba�dZ`^h]h�ba�Zevl_jgZlb\guo�\ZjbZglh\�

kbkl_fu 
  ( ) ( ){ }�������������������������2 � . 6 �4 6 �6 �ZY ZY

D
ZY
D

D� � � � �D
D D D6ω ω∈ ∈Ω ; 

3) kehc� kZfhhj]ZgbaZpbb�� gZ� dhlhjhf� hdhgqZl_evgh� \u[bjZxlky�

kljmdlmju�b�kljZl_]bb��bkke_^h\Zggu_�gZ�gb`_klhysbo�mjh\gyo��lZd��qlh�

[u�ih�\hafh`ghklb�ijb[ebablvky�d�]eh[Zevghc�p_eb� 

( )������������������������������ �. 6 ��ZY
D

5Q
% D� �ω →  opt, 6 �ZY

D
D∈ ∈6

k^ D� ω Ω . 

B_jZjobx� ih^ijhp_kkh\� ijbgylby� j_r_gbc� ij_^klZ\ey_l� ko_fZ� jbk����

NZdlbq_kdb�hgZ�j_Zebam_l�j_r_gb_� aZ^Zqb�kbgl_aZ� ©q_j_a�ZgZebaª��K�bk�
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ihevah\Zgb_f�w\jbklbdb�ijb�]_g_jZpbb�fgh`_kl\Z�Zevl_jgZlb\guo�\Zjb�

Zglh\��^Zevg_crZy��^_lZebaZpby��ijhp_kkZ�ijbgylby��j_r_gbc�ih�kbgl_am� 
keh`ghc�kbkl_fu�hkms_kl\ey_lky�gZ�hk�

gh\_� kljZlbnbdZpbb� kbkl_fu�� lh� _klv�

\u^_e_gby�jZaebqguo�mjh\g_c�Z[kljZ]b�

jh\Zgby�ijb�__�hibkZgbb��Z�lZd`_�wlZih\�

kha^Zgby�kbkl_fu�\h�\j_f_gb���Ijb�wlhf�

nZdlbq_kdb� hkms_kl\ey_lky� ijh_dpby�

fgh]hkehcgh]h� ijhp_kkZ� ijbgylby� j_�

r_gbc�gZ�ihke_^h\Zl_evgh�^_lZebabjm_�

fh_� b� mlhqgy_fh_� ij_^klZ\e_gb_� kbkl_�

fu�� ]^_�i_j_oh^�gZ�dZ`^uc� wlZi� khijh�

\h`^Z_lky�i_j_oh^hf�gZ�gh\mx�kljZlm��bf_xsmx�[he__�gbadbc�mjh\_gv�

Z[kljZdpbb��Beexkljbjm_l�wlhl�ijhp_kk�ko_fZ�jbk���� 

 
Jbk�� 

<u^_e_ggu_�\�g_c�mjh\gb�khhl\_lkl\mxl:�h[s_fm�dhgp_ilmZevghfm�ij_^�

klZ\e_gbx� kbkl_fu� \h� \aZbfh^_ckl\bb� k� \g_rg_c� kj_^hc;�nmgdpbhgZev�
ghfm�ij_^klZ\e_gbx�kbkl_fu�\�\b^_�kh\hdmighklb�\aZbfhk\yaZgguo�ih^�

kbkl_f�� gZ^_e_gguo� oZjZdl_jbklbdZfb� ©\oh^Z� -� \uoh^Zª;� jZkkfhlj_gbx�
kbkl_fu� b� __� ih^kbkl_f� dZd� kh\hdmighklb� l_ogbq_kdbo� mkljhckl\� �we_�

f_glh\��� h[_ki_qb\Zxsbo� kh]eZkh\Zggh_�ij_h[jZah\Zgb_� kb]gZeh\�b�bg�

nhjfZpbb� \� khhl\_lkl\bb� k�nmgdpbhgZevgufb� aZ^ZqZfb�ih^kbkl_f;� ko_�
fhl_ogbq_kdhfm� ij_^klZ\e_gbx� kbkl_fu�� ih^kbkl_f� b� mkljhckl\� \� \b^_�

  
  
  
  
  
  
  
  
  

��< 

  H 

����: 

�������Jbk�� 
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kh\hdmighklb�_^bgbp�we_f_glghc�[Zau��<�ko_f_�jbk���j_Zebam_lky�bl_jZ�

pbhggZy�ijhp_^mjZ��lh�_klv�gZ�dZ`^hf�rZ]_�h[_ki_qb\Z_lky�mlhqg_gb_�bk�

oh^ghc� bgnhjfZpbb� b� j_r_gbc�� ijbgyluo� gZ� ij_^u^msbo� rZ]Zo�� Ijb�

wlhf�k�\ur_klhysbo�kljZl�gZ�gb`_klhysb_�i_j_^Zxlky�bkoh^gu_�^Zggu_�

b� h]jZgbq_gby� ^ey�ijh\_^_gby� kbgl_aZ�gZ�gb`_klhysbo�� ]^_�ijh\h^blky�

^Zevg_crZy�^_dhfihabpby� kbkl_fu��GZh[hjhl�� k�gb`_klhysbo�gZ� \ur_�

klhysb_� kljZlu�i_j_^Z_lky�bgnhjfZpby� h� \hafh`guo�� lh� _klv�nmgdpbh�

gZevgh��l_ogbq_kdb�beb�l_ogheh]bq_kdb�j_Zebam_fuo�\�mkeh\byo�wlbo�h]�

jZgbq_gbc��\ZjbZglZo��Ijb�wlhf�ijh\h^blky�dhfihabpby�b�kgh\Z�bkke_^m�

_lky�ih\_^_gb_�kbkl_fu�\�]eh[Zevguo�Zki_dlZo��gh�ijb�[he__�dhgdj_lguo�

agZgbyo� h� k\hckl\Zo� __� we_f_glh\��Ij_^klZ\e_ggZy� ko_fZ�iha\hey_l�ijb�

bamq_gbb� dmjkZ� gZ]ey^gh� ijhbeexkljbjh\Zlv� dexq_\mx� jhev�fh^_ebjh�

\Zgby�\�ijhp_kk_�kha^Zgby�b�bkke_^h\Zgby�kbkl_f��lZd�dZd�\\_^_ggZy�b_�

jZjoby�kljZl�y\ey_lky�nZdlbq_kdb�b_jZjob_c�jZaebqguo�\b^h\�fh^_e_c��Z�

ijh\_^_gb_�hp_gdb�\ZjbZglh\�\�fgh]hkehcghf�b�fgh]hZki_dlghf�ijhp_k�

k_�ijbgylby�j_r_gbc�j_Zebam_lky�q_j_a�klZlbklbq_kdh_�fh^_ebjh\Zgb_�b�

ZgZeba�wlbo�\ZjbZglh\�\�mkeh\byo�kms_kl\mxsbo�g_hij_^_e_gghkl_c� 
��FZl_fZlbq_kdb_�fh^_eb�we_f_glh\�kbkl_f�b�bo�\aZbfh^_ckl\b_ 
����Lbih\u_�fZl_fZlbq_kdb_�ko_fu�hibkZgby�we_f_glh\�kbkl_fu 
Ihkljh_gb_� bfblZpbhgghc�fh^_eb� kbkl_fu� \k_]^Z� [Zabjm_lky� gZ� __�

fZl_fZlbq_kdhc�fh^_eb��jZajZ[hldZ�dhlhjhc�y\ey_lky�^hklZlhqgh�keh`ghc�

aZ^Zq_c��FZl_fZlbq_kdZy�fh^_ev�kbkl_fu�\�k\hx�hq_j_^v�khklhbl�ba�fZ�

l_fZlbq_kdbo�fh^_e_c�we_f_glh\�b�fZl_fZlbq_kdhc�fh^_eb�bo�\aZbfh^_c�

kl\by� 
<Z`guf�^ey�ihkljh_gby�fZl_fZlbq_kdbo�fh^_e_c�we_f_glh\�y\ey_lky�

ihgylb_� h[s_c� ^bgZfbq_kdhc� kbkl_fu� �H>K��� >ey� H>K� aZ^Zxlky� ijh�

kljZgkl\Z� \oh^guo� ; ; ;1;= × ×� � � \ha^_ckl\bc�� \ha^_ckl\bc� \g_rg_c�

kj_^u� Ω Ω Ω
Ω

= × ×� �
1
�� \gmlj_ggbo� iZjZf_ljh\� kbkl_fu� + + +1+= × ×� � , 

y\eyxsboky�g_aZ\bkbfufb� �wdah]_ggufb��i_j_f_ggufb��bf_xsbfb�dZd�

^_l_jfbgbjh\Zggu_��lZd�b�klhoZklbq_kdb_�khklZ\eyxsb_��b�ijhkljZgkl\h�

\uoh^guo�b�aZ\bkbfuo��wg^h]_gguo��i_j_f_gguo�< < <1<= × ×� � �  

[� � � �� � � ��W W [ W
1;

7= ∈��[ ;�
�

�        K� � � �� � � ��W W K W
1+

7= ∈��K +�
�

�    

ω� � � �� � � ��W W W
1

7= ∈�� �
�

ω ω�
Ω

Ω           \� � � �� � � ��W W \ W
1<

7= ∈��\ <�
�

�  

Lh]^Z�ijhp_kk�nmgdpbhgbjh\Zgby�H>K�hibku\Z_lky�\h�\j_f_gb� W 7∈ hi_�

jZlhjhf�y(t)= Fs(x
t,ωt,ht,t),�]^_�xt,ωt,ht

�j_ZebaZpbb�ijhp_kkh\�x(t), ω(t), h(t) 
gZ� \k_f� ij_^r_kl\mxs_f� bgl_j\Ze_� \j_f_gb�� QZklh� \\h^yl� lZd`_� ijh�

kljZgkl\h�\gmlj_ggbo�khklhygbc�kbkl_fu� = = =
1=

= × ×� � ,�bf_y�\�\b^m��qlh�

\_dlhj�\gmlj_ggbo�khklhygbc� ]� � � �� � � ��W W ] W
1=

7= ∈��] =
�

�  \�ex[hc�fhf_gl�t 
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: t0≤t iheghklvx�hij_^_ey_lky�agZq_gbyfb� ]
� � �

= ��]
�
� �� � � ��W ] W

1=

7
� ��Z�lZd�

`_�j_ZebaZpbyfb�x(t),ω(t),h(t)�gZ�bgl_j\Ze_�[t0,t]. <�wlhf�kemqZ_�H>K�m^h[�
gh� hibku\Zlv� ^\mfy� hi_jZlhjZfb�� khklZ\eyxsbfb� p_ihqdm� ©\oh^-
khklhygb_-\uoh^ª 

] W N ]
W
W

W
W

W
W W W W� � � � � � � �� � � �� �=

� �
� � �

[ K ]ω ���\�W�  N
�

. 

LZdbf�h[jZahf��H>K�dZd�fZl_fZlbq_kdZy�fh^_ev� we_f_glZ� keh`ghc� kbk�

l_fu�\�h[s_f�kemqZ_�hij_^_ey_lky�\hkvf_jdhc�fgh`_kl\�b�hlh[jZ`_gbc�

H>K�  <T,X,Ω,H,Z,Y,N1�N2>.�Fh^_ev�H>K�y\ey_lky�^hklZlhqgh�Z[kljZdl�

ghc��Ihwlhfm�^ey�ihkljh_gby�fZl_fZlbq_kdbo�fh^_e_c�we_f_glh\�bkihev�

amxl� [he__� ijhklu_� fZl_fZlbq_kdb_� ko_fu�� hlh[jZ`Zxsb_� jZaebqgu_�

ih^oh^u�d�mijhs_gbx�hibkZgby� 
1. G_ij_ju\gh� -� ^_l_jfbgbjh\Zgguc� ih^oh^� �D - ko_fu���<� jZfdZo�

^Zggh]h�ih^oh^Z�\ha^_ckl\by�klhoZklbq_kdh]h�oZjZdl_jZ�g_�mqblu\Zxlky�

b� \uoh^gu_� \ha^_ckl\by� h^ghagZqgh� hij_^_eyxlky� \oh^gufb� \ha^_ckl�

\byfb��aZ^Zggufb�\�g_ij_ju\ghf�\j_f_gb��>ey�hibkZgby�\gmlj_ggbo�kh�

klhygbc�\�D -�ko_f_�lbibqgh�bkihevah\Zgb_�h[udgh\_gguo�^bnn_j_gpb�
Zevguo�mjZ\g_gbc� 

G]

GW
J

W

W
] [ G= ∫+�J�W� ]�W��[�W��� ��]�W�  �]�

�

� � � �� � ��τ τ τ τ  , y(t)=f(z(t)). 

LZdbf�h[jZahf�D -�ko_fZ�hij_^_ey_lky�r_kl_jdhc�<T,X,Z,Y,g,f>.�FZl_fZ�

lbq_kdZy�fh^_ev�D -�ko_fu�\�hkgh\ghf�hij_^_ey_l�b�fh^_ebjmxsbc�Ze]h�

jblf�__�BF. 
2. >bkdj_lgh�-�^_l_jfbgbjh\Zgguc�ih^oh^��F -�ko_fu���Ijb�j_ZebaZ�

pbb� ih^oh^Z� oZjZdl_jgh� hlkmlkl\b_� \hafms_gbc� klhoZklbq_kdh]h� oZjZd�

l_jZ�b�aZ^Zgb_�nmgdpbc�\oh^Z��khklhygby�b�\uoh^Z�\�^bkdj_lghf�\j_f_gb��

Lbih\hc�fZl_fZlbq_kdhc�ko_fhc�\�^Zgghf�kemqZ_�y\ey_lky�ko_fZ�dhg_qgh�

]h�Z\lhfZlZ��m�dhlhjh]h�fgh`_kl\Z�X,Y,Z bf_xl�dhg_qgh_�qbkeh�we_f_g�
lh\��>ey� aZ^Zgby�Z[kljZdlgh]h�dhg_qgh]h�Z\lhfZlZ�lj_[m_lky�hij_^_eblv�

hlh[jZ`_gby�i_j_oh^h\�b�\uoh^h\� 
 ϕ :  X×Z → Z;          ψ :  X×Z → Y. 

GZijbf_j��^ey�F -�Z\lhfZlZ�i_j\h]h�jh^Z�ijhp_kk�nmgdpbhgbjh\Zgby�hi�
j_^_ey_lky�\ujZ`_gb_f 

z(t+1)=ϕ[z(t),x(t)],     y(t)=ψ[z(t),x(t)], 
 { }[ W [

,
� � � �∈�;  [ � �

�
� . { }]�W� ]

�
∈ � � �� ]

- { }��\�W� �<  \
�

∈ � �� \
.

, t=0,1,2. 

<� h[s_f� kemqZ_� F -� ko_fZ� hij_^_ey_lky� iylvx� khklZ\eyxsbfb�

<X,Z,Y,ϕ,ψ>. AZ^Zgb_�hlh[jZ`_gbc�^ey�F -�ko_f�hkms_kl\eyxl�\�\b^_�lZ[�

ebp�khhl\_lkl\by�i_j_oh^h\�b�\uoh^h\�beb�]jZnh\�i_j_oh^h\��FZl_fZlb�
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q_kdZy�fh^_ev�^ey�F - ko_fu�nZdlbq_kdb�^Z_l�b�ihegh_�hibkZgb_�fh^_eb�
jmxs_]h�Ze]hjblfZ� 

3. >bkdj_lgh-klhoZklbq_kdbc� ih^oh^� �P-ko_fu��� >Zgguc� ih^oh^� oZ�
jZdl_jbam_lky� klhoZklbq_kdbf� oZjZdl_jhf� ij_h[jZah\Zgby� bgnhjfZpbb�

npb aZ^Zgbb�kbkl_fu�\�^bkdj_lghf�\j_f_gb��Lbih\hc�ko_fhc�a^_kv�y\ey�
_lky�ko_fZ�\_jhylghklgh]h�Z\lhfZlZ��m�dhlhjh]h�fgh`_kl\Z�X, Y, Z, dZd�b�\�
ij_^u^ms_f�kemqZ_��y\eyxlky�dhg_qgufb��<�h[s_f�kemqZ_�P- Z\lhfZl�hi�
j_^_ey_lky�q_l\_jdhc�<X, Y, Z, B>, ]^_�B�k_f_ckl\h�K×I fZljbp�jZaf_jgh�
klb� �J×J  { }% %S U= � � �S  ��.��U  �� ,� , ijbq_f�we_f_glZfb�fZljbpu�Bp,r y\ey�

xlky�\_jhylghklb�i_j_oh^h\�E LM
S U� =P(yp, zj/zi,xr), L M -� �= � . 

NZdlbq_kdb� ^Zggh_� hibkZgb_� wd\b\Ze_glgh� aZ^Zgbx� kemqZcguo�

nmgdpbc� a� aϕ ψ , hij_^_e_gguo�gZ�l_o�`_�fgh`_kl\Zo��qlh�b�nmgdpbb�ϕ, ψ�\�
F-ko_f_��gh�k�\\_^_gb_f�khhl\_lkl\mxsbo�\_jhylghklguo�f_j��AZ^Zgb_�P-
ko_f�ZgZeh]bqgh�fh`_l�hkms_kl\eylvky�\�\b^_�lZ[ebp�beb�]jZnh\��^hihe�

g_gguo� agZq_gbyfb�\_jhylghkl_c�i_j_oh^h\��A^_kv��dZd�b�\�ij_^u^msbo�

kemqZyo�� fZl_fZlbq_kdZy� fh^_ev� ^Z_l� ihegh_� hibkZgb_� fh^_ebjmxs_]h�

Ze]hjblfZ�BF��dhlhjuc�^he`_g�[ulv�lhevdh�^hiheg_g�]_g_jZlhjZfb�klh�

oZklbq_kdhc�dhfihg_glu��i_j_oh^h\� 
���G_ij_ju\gh-klhoZklbq_kdbc�ih^oh^��Q-ko_fu���>ey�^Zggh]h�deZkkZ�

fh^_e_c�bf__l�f_klh�klhoZklbq_kdbc�oZjZdl_j�kf_gu�khklhygbc�ijb�hib�

kZgbb�nmgdpbc�″\oh^-khklhygb_-\uoh^″�\�g_ij_ju\ghf�\j_f_gb��<�dZq_�
kl\_� klZg^Zjlgh]h� h[t_dlZ� \� ^Zgghf� kemqZ_� jZkkfZljb\Z_lky� we_f_glZj�

guc�ijb[hj�h[kem`b\Zgby��WIH��ihlhdZ�aZy\hd�beb�Q-ko_fZ��LZdhc�ijb�
[hj��kf�jbk����khklhbl�ba�gZdhibl_ey�aZy\hd�H��\�dhlhjhf�fh- 
`_l� gZoh^blvky� O /+= �� � aZy\hd�� b�

dZgZeZ�h[kem`b\Zgby�D��GZ�dZ`^uc�

WIH� ihklmiZ_l� ihlhd� aZy\hd�

( ){ }Z W I Q :Q Q= = ∈� � � ����� �  b� ihlhd�

( ){ }X W J N 8N N= = ∈� � � �� � � � h[kem`b\Z�

gby. AZy\db�� h[kem`_ggu_� dZgZehf�K, b� aZy\db�� ihdbgm\rb_� ijb[hj� ih�

jZaguf� ijbqbgZf� �gZijbf_j�� ba-aZ�i_j_iheg_gby�gZdhibl_ey��� h[jZamxl�

\uoh^ghc�ihlhd� � ( ){ }\ W T M <M M= = ∈� � � ����� � ��A^_kv�t∗ - fhf_glu�\j_f_gb�kh�

[ulbc��Z� f∗, g∗, q∗ - ijbagZdb�kh[ulbc��<_dlhj�\gmlj_ggbo�khklhygbc�^ey�

WIH�bf__l�\b^� ( )] ] ] =g d
L

= ∈� � �]^_� { }]
g

g
/∈ � �� ����� -�khklhygb_�gZdhibl_ey�

ih�qbkem�ojZgysboky� aZy\hd; zd - khklhygb_�dZgZeZ�h[kem`b\Zgby� �zd=1 - 
dZgZe�k\h[h^_g; zd=0 - dZgZe�aZgyl���>ey�WIH�lZd`_�aZ^Z_lky�kh\hdmighklv�
\gmlj_ggbo�iZjZf_ljh\�C�b� Ze]hjblf�nmgdpbhgbjh\Zgby�:�� hij_^_eyx�

      
           
           
      
      

U 

W Y 

Jbk�� 

H 

K 
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sbc�gZ[hj�ijZ\be��ih�dhlhjuf�aZy\db�ihdb^Zxl�G�b�D��LZdbf�h[jZahf�Q - 
ko_fZ�hij_^_ey_lky�gZ[hjhf�^Zgguo�<W,U,Y,Z,C,A>. Kbkl_fu��we_f_glu�
dhlhjuo�hibku\Zxlky�Q -�ko_fZfb�b�dhlhju_�gZau\Zxlky�kbkl_fZfb�fZk�
kh\h]h�h[kem`b\Zgby��mqblu\Zy�bo�\Z`gh_�agZq_gb_��[m^ml�^Ze__�jZkkfhl�

j_gu�ih^jh[gh� 
���H[h[s_gguc�ih^oh^��:-ko_fu���>Zgguc�ih^oh^�\[bjZ_l�\�k_[y�\k_�

jZkkfhlj_ggu_�\ur_�b�y\ey_lky� �bo�h[h[s_gb_f��Ijb�wlhf�\\h^blky�ih�

gylb_� Z]j_]ZlZ�beb�:-ko_fZ��ij_^klZ\eyxsZy�kh[hc�fZl_fZlbq_kdmx�fh�

^_ev� we_f_glZ� keh`ghc� kbkl_fu� b� \\_^_ggZy�G�I�� ;mke_gdh ki_pbZevgh�
^ey�kha^Zgby�mgb\_jkZevguo�Z\lhfZlbabjh\Zgguo�bfblZpbhgguo�fh^_e_c�

keh`guo�kbkl_f��Hkh[_gghklvx�:-ko_fu�y\ey_lky�lh��qlh�ba�g__�dZd� �qZ�
klgu_� kemqZb�fh]ml�[ulv�ihemq_gu�D, F, P, Q - ko_fu��FZl_fZlbq_kdZy�

fh^_ev�Z]j_]ZlZ�[m^_l�ih^jh[gh�jZkkfhlj_gZ�\�jZa^_e_��ihk\ys_gghf�\h�

ijhkZf�fh^_ebjh\Zgby�Z]j_]Zlb\guo�kbkl_f� 
2.2 FZl_fZlbq_kdb_�fh^_eb�\aZbfh^_ckl\by�\�keh`ghc�kbkl_f_ 

Ijb�nhjfZebaZpbb�\aZbfh^_ckl\by�we_f_glh\�keh`ghc�kbkl_fu�ijb�

^_j`b\Zxlky� ij_^iheh`_gby�� kh]eZkgh� dhlhjhfm� hgh� ^hklZlhqgh� ihegh�

hibku\Z_lky�\�jZfdZo�f_oZgbafZ�h[f_gZ� ©�kb]gZeZfbª��Kb]gZeu�i_j_^Z�

xlky�ih�dZgZeZf�k\yab��ijheh`_gguf�f_`^m�we_f_glZfb��GZqZehf�^Zggh�

]h�dZgZeZ�y\ey_lky�\uoh^��\uoh^ghc�ihexk��we_f_glZ��\u^Zxs_]h�kb]gZe��

Z�dhgphf�-�\oh^��\oh^ghc�ihexk��we_f_glZ��ijbgbfZxs_]h�kb]gZe��DZgZe��

i_j_^Zxsbc�kb]gZeu�f]gh\_ggh�b�[_a�bkdZ`_gbc��gZau\Z_lky�b^_Zevguf��

:^_d\Zlgh�nhjfZebah\ZggZy�keh`gZy�kbkl_fZ�bf__l�lhevdh�b^_Zevgu_�dZ�

gZeu� k\yab�� Nbabq_kdb_� dZgZeu�� \ghkysb_� bkdZ`_gby� \� i_j_^Z\Z_fu_�

kb]gZeu��jZkkfZljb\Zxlky�dZd�kZfhklhyl_evgu_�wd\b\Ze_glgu_�we_f_glu�

kbkl_fu�� Ijb� lZdhf� ih^oh^_� hkgh\guf� \� hibkZgbb� f_oZgbafZ� h[f_gZ�

kb]gZeZfb�klZgh\blky�hij_^_e_gb_�ko_fu�khijy`_gby�we_f_glh\�ih�\oh�

^Zf�b�\uoh^Zf� 
Imklv�keh`gZy�kbkl_fZ�S�kh^_j`bl�we_f_glu�C1,…,CN.�>ey�ex[h]h�ba�

we_f_glh\�Cj \oh^ghc�kb]gZe� [� � � � � �� � � � � �M M
PM
M 7W [ [= � � �ij_^klZ\ey_l�kh\hdmi�

ghklv� we_f_glZjguo� \oh^guo� kb]gZeh\��ih^dexq_gguo�dh� \oh^guf�dhg�

lZdlZf� ;L
M� � � �L  ��P M ��Z�\uoh^ghc� \

� � � � � �� � � � � �M M
UM
M 7W \ \= � �  -�kh\hdmighklv�we_�

f_glZjguo� \uoh^guo� kb]gZeh\�� \uoh^ysbo� ba� \uoh^guo� dhglZdlh\�

<O
M� � � �O  �� U M ��<g_rgyy� kj_^Z�ij_^klZ\ey_lky� \� \b^_�nbdlb\gh]h� we_f_glZ�

C0�� kh^_j`Zs_]h� \oh^gu_� dhglZdlu� ; L
� � �� �L  ��P� � b� \uoh^gu_� dhglZdlu�

<O
� � �� �O  �� U� ��LZdbf�h[jZahf��dZ`^uc�we_f_gl�keh`ghc�kbkl_fu�Cj�oZjZd�

l_jbam_lky� fgh`_kl\hf� \oh^guo� dhglZdlh\� { }; ;M
L
M

L

PM� � � �=
=�
� b� \uoh^guo�

dhglZdlh\� { }< <M
O
M

O

UM� � � � �=
=�
��M  ��1 �� Hkgh\ghc� ijbgpbi� ihkljh_gby� ko_fu�
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khijy`_gby� we_f_glh\� hij_^_ey_lky� ke_^mxsbf� h[jZahf:� dh� \oh^ghfm�
dhglZdlm�ex[h]h�we_f_glZ�ih^dexqZ_lky�g_�[he__�h^gh]h�we_f_glZjgh]h�

dZgZeZ� k\yab;� d� \uoh^ghfm� dhglZdlm� ex[h]h� we_f_glZ�fh`_l� [ulv� ih^�
dexq_gh�ex[h_�dhg_qgh_�qbkeh�we_f_glZjguo�dZgZeh\��Lh]^Z�fh`gh�\\_�

klb�h^ghagZqgh_�hlh[jZ`_gb_� 

5�� ; <M M��; <� ��;  ��<  
M �

1

M �

1

→ � � � �� �� . 

Kh\hdmighklv� <X,Y,R> gZau\Z_lky� ko_fhc� khijy`_gby� we_f_glh\� \�
kbkl_f_�S.�Hi_jZlhj�khijy`_gby R�aZ^Z_lky�\�\b^_�lZ[ebpu��\�dhlhjhc�gZ�
i_j_k_q_gbb�kljhd�k�ghf_jZfb�we_f_glh\�j b�klhe[ph\�k�ghf_jZfb�dhglZd�
lh\�i�jZkiheZ]Z_lky�iZjZ�qbk_e��k,l), mdZau\Zxsbo�ghf_j�we_f_glZ�b�ghf_j�

dhglZdlZ�<O
N� � ��k�dhlhjuf�kh_^bg_g�;L

M� � . 

Imklv� { }; ; ;L
M
 � �




= ⊂ � b� { }< < <O
N
 � �




= ⊂ � g_dhlhju_� ih^fgh`_kl\Z��

ijbq_f� < 5 ; ;O
N

L
M� � � � 
� ��= ∈�; L

�M� �� lh� _klv� < 5 ;
 
� �= ��Ijb� wlhf� hq_\b^gh��

qlh� khhl\_lkl\b_� f_`^m� <O
N� � � b� ;L

M� � � g_� y\ey_lky� \aZbfgh� h^ghagZqguf��

JZkkfhljbf�l_i_jv�hi_jZlhj�Rj gZ�fgh`_kl\_�X
(j). Lh]^Z�\�kbem�hkgh\gh]h�

ijbgpbiZ� khijy`_gby� ^ey� ex[h]h� 5 M � �M  ��1 � kms_kl\m_l� h^ghagZqguc�

hi_jZlhj� 5 M
−� �� khihklZ\eyxsbc� dZ`^hfm� dhglZdlm� ba� fgh`_kl\Z�

< 5 ;M
M

 � �� �= �khhl\_lkl\mxsbc�dhglZdl�; 5 <L

M
M O

N� � � �� ��= −�  < <O
N� � 

∈ . 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Imklv� l_i_jv� keh`gZy� kbkl_fZ� jZkqe_g_gZ� gZ� g_dhlhjh_� fgh`_kl\h�

ih^kbkl_f� 6µ µ� �  ��0 (kf�� jbk����� DZ`^Zy� ba� ih^kbkl_f� ^he`gZ� bf_lv�

dhglZdlu� ;L
� �� µ � b� <O

� �� µ �� oZjZdl_jbamxsb_�nbdlb\guc� we_f_gl� &�
µ ��ij_^�

klZ\eyxsbc�^ey�g__�\g_rgxx�kj_^m��Z�lZd`_�\uoh^gu_�dhglZdlu� � � �
; L

µ �b�

C1 

C2 

S1 

C3 

C4 

S2 

;
∧
�

�� �

 

;
∧
�

�� �

 

;
∧

�

�� �

 

;� ��
 

;�
�� �

 

;�
�� �

 

;�
�� �

 

;�
�� �

 

<�

� �� �
 ;�

�� �
 

<�

� �� �
 ;�

�� �
 

;�

�� �
 <�

� �� �
 

<�
�� �

 

<�
�� �

 

<
∧

�

�� �

<
∧

�

�� �

<
∧

�

�� �

<
�

�� �
 

<�
�� �

 

<�
�� �

 

;�
�� �

 ;
�

� �� �
 

;
�

� �� �
 

;
�

��� �
 

Jbk�� 

<�
�� �

 

<�
�� �

 

<�
�� �

 

<
� ��
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� � �<O
µ �^ey�k\yab�k�^jm]bfb�ih^kbkl_fZfb��LZd��ih^kbkl_fZ�S1 bf__l�dhg�lZd�

lu� <� �
� �
−
� � � �;���

���� �� oZjZdl_jbamxsb_� bklhqgbdb� b� ihlj_[bl_eb� __� \g_rg_c�

kj_^u�� Z� lZd`_� dhglZdlu� � � �� � � �;� �
�

� �
�

− −�< � ^ey� k\yab� k� ^jm]bfb� ih^kbkl_fZfb��

Khhl\_lkl\mxsb_�dhglZdlu� � � �; L
µ �b� <O

���µ �ijb� i=l, Z�lZd`_� ;L
� �� µ �b� � � �<O

µ ijb�

i=l �h[t_^bgyxlky�\�nbdlb\gu_�^\hcgu_�dhglZdlu�gZ�]jZgbpZo�ih^kbkl_f��
<\_^_f� fgh`_kl\Z� \oh^guo� b� \uoh^guo� dhglZdlh\� \k_o� we_f_glh\�

& 6M ∈ µ ��kh_^bg_gguo�kh�\k_fb�we_f_glZfb�& 6N ∉ µ  

{ }; ; ; ;L
M M M N

&N 6& M 6
µ µ µµ


 � � � �
� �= =







∉∈

�
��� , { }< < < <O

M M M N

&N 6& M 6
µ µ µµ


 � � � �
� �= =







∉∈

�
��� , 

 

]^_� [ ]; 5 < 5 ; < 5 ;M N
M

N M M N� � � � � � � � �� � � � �= =−�
� ��< M�N �fgh`_kl\Z� dhglZdlh\�� kh�

_^bgyxsbo�ih�\oh^Zf�b�\uoh^Zf�we_f_glu� & M �b� &N ��DZ`^hfm�dhglZdlm�

< <O
M� � 
∈ µ �fh`gh�ihklZ\blv�\�khhl\_lkl\b_�dhglZdlu 

�
< 4 <L

<
O
Mµ

µ= � �� � ;           ; 4 <L
;

O
M� � � �� �� µ

µ= , 

]^_�hi_jZlhju�4<
µ �b�4

;
µ �aZ^Zxlky�lZ[ebpZfb�khhl\_lkl\bc�b�bf_xl�h^gh�

agZqgu_�hi_jZlhju� �4<
µ

−��b�4;
µ

−���Lhqgh�lZd�`_�^ey�dZ`^hc�kh\hdmighklb�

{ }; ;L
M� � 
⊂ µ ��bf_xs_c�h[sbc� ( )< 5 ;O

N
L
M� � � �= ��\\h^ylky�hi_jZlhju� 

( ) ( ) ( ) ( ){ }� �
� � � � � � � �

; 3 ; 3 ; <O
;

L

M

O
<

L

M

O
Nµ

µ
µ

µ= = =� ��< �� ; ���5 ;L

M

L

M� . 

Hi_jZlhju� 3;
µ b� 3<

µ �g_�bf_xl�h^ghagZqguo�h[jZlguo�hi_jZlhjh\��gh�^ey�

^Zggh]h� �; O
µ �fh`gh�\u[jZlv�ijhba\hevgh�h^bg�ba�\hafh`guo�;L

M� � ��gZijb�

f_j��k�fbgbfZevguf�i��b�h[hagZqblv�_]h�kbf\hehf�� ( )3 ;;
Oµ
µ−� � � � . 

GZ�hkgh\_�\\_^_gguo�hi_jZlhjh\�fh`gh�ba�h^ghmjh\g_\hc�ko_fu�kh�

ijy`_gby�<X, Y, R>ihkljhblv�^\momjh\g_\mx�ko_fm��khklhysmx�ba�ko_fu�

khijy`_gby�ih^kbkl_f� � � � �; < 5 ,, �b�ko_f�khijy`_gby�we_f_glh\�\�ih^kbk�

l_fZo�6µ : ; < 5 0µ µ µ µ� � � �= � ��]^_�5µ �hij_^_ey_lky��\�\b^_ 

( )
( )

{ }
< 5 ;

5 ;

< 3 ; ;

4 ; ; ;

O
N

L
M

L
M

L
M M N

6& M 6

O
<

L
M M N

KN 6& M 6

;
L L L

� � � �

� � � � �

� � � � �

� � � � � �

� �

� �� �

� �� �

= =

∈

= ∈

= ∈














∈∈

∉∈

−

µ

µµ

µ
µ

µµ

µ
µ µ µ

�������������������; �;

�����;

������������;

&N

L
�M�

L
�M�

��

��
�

� � � �

  

Hi_jZlhj� { } { }5 ; < <,, L O

0

�
� � � �

�;  
 �

0� �
�

� �
�

µ

µ

µ

µ
→ =

=�
�hij_^_ey_lky�khhlghr_gb_f 
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� �
�< 5 ;
4 < 6

< <
O ,, L

<
O
N

O O

� � � �

� � � �
� �

� �� �

�

ν µ ν ν= =
≠ ∈

=







������N �� �&

��N  ��

N

� �
 

]^_� [ ]< 5 3 ;O
N ;

L
� � � �

� �= −
µ

µ�
�

��Lhqgh�lZd�`_�fh`_l�[ulv�j_r_gZ�b�h[jZlgZy�aZ�

^ZqZ�gZoh`^_gby�hi_jZlhjZ�R�ijb� aZ^Zgghc�^\momjh\g_\hc�ko_f_�khijy�
`_gby��:gZeh]bqgh_�ihkljh_gb_�ko_f�khijy`_gby�dZd�fh^_e_c�\aZbfhk\y�

a_c�we_f_glh\�keh`ghc�kbkl_fu�fh`_l�ijh\h^blvky�^ey�ex[h]h�dhebq_kl�

\Z�mjh\g_c�b_jZjobq_kdh]h�hibkZgby�keh`ghc�kbkl_fu� 
��������������������������������Dhgljhevgu_�\hijhku�b�aZ^Zgby 
1. Hij_^_eblv� kljmdlmjm�nhjfZebah\Zggh]h� lZ[ebqgh]h� hibkZgby� hi_jZ�
lhjZ�i_j_oh^Z�khklhygbc�dhg_qgh]h�Z\lhfZlZ� 
2. Hij_^_eblv�kljmdlmjm�nhjfZebah\Zggh]h�hibkZgby�hi_jZlhjZ�i_j_oh^Z�
khklhygbc�dhg_qgh]h�Z\lhfZlZ�\�\b^_�]jZnZ� 
3. <uihegblv�aZ^Zgby�i�����^ey�J�-�ko_fu� 
4. HibkZlv�lZ[ebpm�hi_jZlhjZ�khijy`_gby�we_f_glh\�kbkl_fu�jbk��� 
5. HibkZlv�^\momjh\g_\mx�ko_fm�khijy`_gby�we_f_glh\�kbkl_fu�jbk��� 
6. Ihemqblv�h[sb_�khhlghr_gby�^ey�i_j_oh^Z�hl�^\momjh\g_\hc� �fgh]h�

mjh\g_\hc��ko_fu�khijy`_gby�\�h^ghmjh\g_\mx� 
 ��Fh^_ebjh\Zgb_�kbkl_f�fZkkh\h]h�h[kem`b\Zgby 
3.1. DeZkkbnbdZpby�kbkl_f�fZkkh\h]h�h[kem`b\Zgby� 

Ijb�fh^_ebjh\Zgbb�keh`guo�kbkl_f�b�bkke_^h\Zgbb�ijhl_dZxsbo�\�

gbo�ijhp_kkh\� qZklh� j_Zebam_lky�ih^oh^�� hkgh\Zgguc�gZ�bo�ij_^klZ\e_�

gbb�dZd�kbkl_f�fZkkh\h]h�h[kem`b\Zgby��KFH��beb�k_l_c�KFH��dhlhju_�

ij_^klZ\eyxlky� \� \b^_� dhfihabpbb�Q-ko_f� beb� we_f_glZjguo�ijb[hjh\�
h[kem`b\Zgby��kh_^bg_gguo�\�khhl\_lkl\bb�k�bf_xsbfbky 

  
Jbk�� 

\a]ey^Zfb�gZ� kljmdlmjm� kbkl_fu��<� h[h[s_gghc� kljmdlmj_�KFH� �jbk����

\k_]^Z�fh`gh�\u^_eblv�ljb�dhfihg_glu:�bklhqgbdb��nhjfbjmxsb_�ihlhd�

aZy\hd; gZdhibl_eb�� hij_^_eyxsb_� \hafh`ghklb� kha^Zgby� hq_j_^_c� aZy�

\hd�gZ�h[kem`b\Zgb_;�dZgZeu�h[kem`b\Zgby��hij_^_eyxsb_�\uoh^ghc�ih�
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lhd� h[kem`_gguo� aZy\hd� beb� aZy\hd�� ihdb^Zxsbo� kbkl_fm� g_h[kem`_g�

gufb��Dhgdj_lbaZpby�h[h[s_gghc�ko_fu�KFH�fh`_l�[ulv�ijh\_^_gZ�im�

l_f�deZkkbnbdZpbb�� 
Ij_`^_�\k_]h�\k_�KFH�^_eyl�gZ�^\Z�[hevrbo�deZkkZ:�jZahfdgmlu_��\�

dhlhjuo�\oh^ghc�ihlhd�g_�aZ\bkbl�hl�ijhp_kkZ�h[kem`b\Zgby��b�aZfdgm�

lu_��\�dhlhjuo�kms_kl\m_l�h[jZlgZy�k\yav�b�\oh^ghc�ihlhd�aZy\hd�aZ\bkbl�

hl�ijhp_kkZ�h[kem`b\Zgby��Ihfbfh�wlh]h:�ih�gZebqbx�\hafh`ghklb�h`b�
^Zgby�aZy\hd�\�hq_j_^b�\u^_eyxl�KFH�[_a�h`b^Zgby��KFH�k�hldZaZfb��Z�

lZd`_�kf_rZggh]h�lbiZ;�ih�qbkem�iZjZee_evgh�\dexq_gguo�we_f_glZjguo�
ijb[hjh\� h[kem`b\Zgby� \u^_eyxl� h^ghdZgZevgu_� b� fgh]hdZgZevgu_�

KFH;�ih�qbkem�wlZih\��nZa��h[kem`b\Zgby� �ijb�ihke_^h\Zl_evghf�\dex�
q_gbb� ijb[hjh\� h[kem`b\Zgby� hij_^_eyxl� h^ghnZagu_� b� fgh]hnZagu_�

KFH�beb�k_lb�fZkkh\h]h�h[kem`b\Zgby�� 
Ex[Zy�KFH�ij_^gZagZq_gZ�^ey�h[kem`b\Zgby�\oh^gh]h�ihlhdZ�k�aZ�

^Zgghc� wnn_dlb\ghklvx��<� dZq_kl\_� hkgh\guo�ihdZaZl_e_c� wnn_dlb\gh�

klb� ^ey� KFH� k� hldZaZfb� bkihevamxl� Z[khexlgmx� ijhimkdgmx� kihkh[�

ghklv�Q (kj_^g__�qbkeh�h[kem`_gguo�aZy\hd�aZ�\j_fy�L��b�hlghkbl_evgmx�
ijhimkdgmx� kihkh[ghklv�beb�\_jhylghklv�h[kem`b\Zgby� T 4= � λ �� ]^_� λ  
kj_^g__�qbkeh�ihklmib\rbo�aZy\hd�aZ�\j_fy�L��>ey�KFH�k�h`b^Zgb_f�^h�

ihegbl_evgh� \� dZq_kl\_� ihdZaZl_e_c� bkihevamxl� \j_f_ggu_� oZjZdl_jb�

klbdb�ij_[u\Zgby�aZy\hd�\�hq_j_^b�b�\�kbkl_f_�\�p_ehf� 
3.2. Hkh[_gghklb�ihkljh_gby�bfblZpbhgguo�fh^_e_c�KFH��

=_g_jZpby�ihlhdh\�kh[ulbc 
Kmsghklv� f_lh^Z� bfblZpbhggh]h� fh^_ebjh\Zgby� ijbf_gbl_evgh� d�

KFH�khklhbl: 1)�\�ihkljh_gbb�Ze]hjblfh\�nhjfbjh\Zgby�j_ZebaZpbc�ih�
lhdh\�kh[ulbc��aZy\hd���lh�_klv�Ze]hjblfh\�©bklhqgbdh\ª; ���\�ihkljh_gbb�
Ze]hjblfh\� ijhp_kkZ� h[kem`b\Zgby� hl^_evgufb� we_f_glZfb� �dZgZeZfb��

gZdhibl_eyfb�� b�KFH� \� p_ehf;� ���fgh]hdjZlghf� \hkijhba\_^_gbb� ijh�
p_kkZ� h[kem`b\Zgby� j_ZebaZpbc� \oh^guo� ihlhdh\� ijb� nbdkbjh\Zgguo�

\gmlj_ggbo�iZjZf_ljZo�KFH�k�p_evx�klZlbklbq_kdhc�hp_gdb�ihdZaZl_e_c�

wnn_dlb\ghklb��<�jZfdZo�bfblZpbhgghc�fh^_eb�KFH�ijbgylh�\u^_eylv�

ljb� lbiZ� we_f_glh\� fh^_eb: Zdlb\gu_�� iZkkb\gu_� b� Zdlb\gh-iZkkb\gu_��
Baf_g_gb_� khklhygbc� Zdlb\guo� we_f_glh\� h[mkeh\e_gh� lhevdh� bo� \gml�

j_ggbfb� k\hckl\Zfb�� lh]^Z� dZd� iZkkb\gu_� we_f_glu� baf_gyxl� k\hb� kh�

klhygby� lhevdh� ih^� \ha^_ckl\b_f� \g_rgbo� nZdlhjh\�� D� Zdlb\gh-
iZkkb\guf� we_f_glZf� hlghkylky� lZdb_�� dhlhju_� \� h^ghf� ba� \hafh`guo�

khklhygbc�y\eyxlky�Zdlb\gufb��Z�\�^jm]bo�iZkkb\gufb� 
Ih\_^_gb_�kbkl_f�ijb�BF�\hkijhba\h^blky�gZ�hij_^_e_gghf�hlj_ad_�

\j_f_gb�[0,T]��<hkijhba\_^_gb_�mkeh\gh]h�\j_f_gb�\�BF��dhlhjh_�ijbgy�

lh�gZau\Zlv�©fh^_evguf�\j_f_g_fª��y\ey_lky�h^gbf�ba�gZb[he__�\Z`guo�

\hijhkh\�� lj_[mxsbo� hij_^_e_gguo� l\hjq_kdbo� mkbebc��<u^_eyxl� ke_�
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^mxsb_� hkgh\gu_� kihkh[u� aZ^Zgby� fh^_evgh]h� \j_f_gb: kihkh[� ©∆W », 
ijb�dhlhjhf�\�fh^_ebjmxs_f�Ze]hjblf_�ijbjZs_gb_�\j_f_gb�hkms_kl\�

eyxl�k�nbdkbjh\Zgguf�bgl_j\Zehf� ∆W ; kihkh[�©∆]ª��ijb�dhlhjhf�ijbjZ�
s_gb_�fh^_evgh]h� \j_f_gb� hkms_kl\eyxl� lhevdh� \�fhf_gl�gZklmie_gby�

hq_j_^gh]h� kh[ulby�� k\yaZggh]h� k�baf_g_gb_f� khklhygby�ex[h]h�ba� we_�

f_glh\�kbkl_fu�b�__�\g_rg_c�kj_^u;�kihkh[�©∆ ∆W ]× ª��j_Zebamxsbc�dhf�

[bgZpbx�wlbo�kihkh[h\�\�jZaebqguo�dhfihg_glZo�BF� 
<ha^_ckl\b_�\g_rg_c�kj_^u�^ey�Q-ko_f�j_Zebam_lky�q_j_a�ihkljh_gb_�

Ze]hjblfh\�nhjfbjh\Zgby�ihlhdh\�kh[ulbc�beb�]_g_jZlhjh\�bklhqgbdh\��

dhlhju_�y\eyxlky�Zdlb\gufb�we_f_glZfb��<�h[s_f�kemqZ_�Ze]hjblfu�lZ�

dh]h� lbiZ�fh]ml�[ulv�bkihevah\Zgu�^ey�ex[uo� ]_g_jZlhjh\� \gmlj_ggbo�

Zdlb\ghkl_c�KFH��Ijb�ihkljh_gbb�dhgdj_lgh]h�Ze]hjblfZ�ke_^m_l�ij_`�

^_�\k_]h�hij_^_eblv:�dZdhc�lbi�ihlhdZ�kh[ulbc�ih^e_`bl�\hkijhba\_^_�
gbx� 

Ba\_klgh��qlh�ihlhdb�^_eylky�gZ�h^ghjh^gu_��oZjZdl_jbam_fu_�lhev�

dh� ihke_^h\Zl_evghklyfb� fhf_glh\� gZklmie_gby� kh[ulbc�

{ }W W WQ Q� ��� ���� �≤ ≤ ≤ ��b�g_h^ghjh^gu_��\�dhlhjuo�dZ`^h_�kh[ulb_�ihke_^h�

\Zl_evghklb� hibku\Z_lky� ^hihegbl_evgh� g_dhlhjuf� ijbagZdhf�

{ }� � �� ��� ����W I W W I )Q Q Q Q� �≤ ≤ ≤ ∈ ��Ihlhd� kh[ulbc�� \� dhlhjuo� bgl_j\Zeu� \j_�

f_gb� τ τ τ� � ������ �Q L L LW W= − >− � g_aZ\bkbfu�� gZau\Z_lky� ihlhdhf� k� h]jZgb�

q_gguf� ihke_^_ckl\b_f�� Ihlhdhf� [_a� ihke_^_ckl\by� �[he__� kbevgh_�

mkeh\b_��gZau\Z_lky�ihlhd��\�dhlhjhf�\_jhylghklv� 3 WN � � �τ �gZklmie_gby�k 
kh[ulbc�gZ�bgl_j\Ze_� [ ]W W� + τ �g_�aZ\bkbl�hl�ihy\e_gby�kh[ulbc�gZ�^jm]bo�

g_i_j_k_dZxsboky� k�^Zgguf�bgl_j\ZeZo��Ihlhd� kh[ulbc�gZau\Z_lky�hj�

^bgZjguf�� _keb� \_jhylghklv� ihy\e_gby� [he__� h^gh]h� kh[ulby� \� fZehc�

hdj_klghklb�fhf_glZ�t�ij_g_[j_`bfh�fZeZ�ih�kjZ\g_gbx�k�\_jhylghklvx�
\uiZ^_gby�h^gh]h�kh[ulby� ( )3 W W 3 W W WN� �� � � � � �∆ ∆ Θ ∆>> => ��Wlh�hagZqZ_l��qlh�

kh[ulby� \� hkgh\ghf�ijhbkoh^yl�ih� hl^_evghklb��[_a� h[jZah\Zgby� k]mkl�

dh\��Ihlhd�kh[ulbc�gZau\Z_lky�klZpbhgZjguf�\h�\j_f_gb��_keb�\_jhyl�

ghklv�ihy\e_gby�lh]h�beb�bgh]h�qbkeZ�kh[ulbc�gZ�nbdkbjh\Zgghf�bgl_j�

\Ze_�g_�aZ\bkbl�hl�\j_f_gb� ( ) ( )3 W 3 NN N� � � ����τ τ= = � �  

>ey� hj^bgZjguo� ihlhdh\� \\h^blky� ihgylb_� bgl_gkb\ghklb� ihlhdZ�

( ) ( )λ W 3 W W W
W

=
→
OLP � �
∆

∆ ∆
�

� � . >ey� klZpbhgZjguo� ihlhdh\� λ λ� �W FRQVW= = �� Z� _keb�

wlh� _s_� b� ihlhd� k� h]jZgbq_gguf� ihke_^_ckl\b_f�� lh� ^ey� fgh]hf_jghc�

iehlghklb�bgl_j\Zeh\�f_`^m�kh[ulbyfb�\uihegy_lky 
( ) ( ) ( )I I IQ Q Q Qτ τ τ τ� � ������ ���= × × , 

( ) ( )I I G� �
�

�

�τ λ τ τ
τ

= − ∫








 ;     ( ) ( ) ( )I I IQ� τ τ τ= = =� ;    ( )λ τ τ τ= ∫

∞
�

�

I G . 
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H[sbc�ih^oh^�d�fh^_ebjh\Zgbx�hj^bgZjguo��klZpbhgZjguo�ihlhdh\�

k�h]jZgbq_gguf�ihke_^_ckl\b_f� �ihlhdb�IZevfZ��aZdexqZ_lky�\�ke_^mx�

s_f��KqblZ_lky� ba\_klguf� aZdhg� jZkij_^_e_gby� bgl_j\ZeZ�f_`^m� kh[u�

lbyfb� I � �τ ��Lh]^Z�kgZqZeZ�fh^_ebjm_lky�fhf_gl�gZklmie_gby�i_j\h]h�kh�

[ulby�\�khhl\_lkl\bb�k�khhlghr_gb_f 

W W� � �= + τ ,    ( )τ ϕ� �
�

�= − [ ,    ( ) ( )ϕ τ
τ

� � �
�

�

= ∫ I X GX ,  

Z�aZl_f�\k_o�ihke_^mxsbo�\�khhl\_lkl\bb�k�khhlghr_gb_f 

( ) ( ) ( )W W [ I X GX L QL L L L L L

L

= + = = =∫−
−

�
�

�

�τ τ ϕ ϕ τ
τ

� � � ���� ��� , 

]^_� [ L QL � �= � �ihke_^h\Zl_evghklv�jZ\ghf_jgh�jZkij_^_e_gguo�kemqZcguo�

qbk_e�gZ�bgl_j\Ze_�[0,1]. 
Ijbf_j� ������Ihlhd�ImZkkhgZ�beb�ijhkl_crbc� �hj^bgZjguc��[_a�ih�

ke_^_ckl\by��klZpbhgZjguc��ihlhd�k� ( )I Hτ λ λτ= − ��Lh]^Z 

( ) ( )I H GX H I
X

�
�

�τ λ λ λ τλ
τ

λτ= − ∫






= =− − , 

lh� _klv�\�^Zgghf� kemqZ_�i_j\uc�bgl_j\Ze�jZkij_^_e_g� lZd�`_��dZd�b�\k_�

hklZevgu_��Hlkx^Z�^ey�ihke_^h\Zl_evghklb�fhf_glh\�kh[ulbc:  

( ) ( ) ( )ϕ τ ϕ τ
τ

λτ
�

�

�= = ∫ = − =−I X GX H [ , W W [ L QL L L L L= + = − =−�
�

�τ τ
λ

� OQ � ���� . 

Ijbf_j�������Ihlhd�WjeZg]Z��Ihlhd�WjeZg]Z�m-]h�ihjy^dZ�h[jZam_lky�
ba� ijhkl_cr_]h� \� j_amevlZl_� _]h� ©ijhj_`b\Zgbyª�� dh]^Z� \u[jZku\Zxlky��

\k_�lhqdb�aZ�bkdexq_gb_f�m-hc��>ey�lZdh]h�ihlhdZ 

( ) ( )
( )

( )
( )

I
P

P
H

P
H

P

P
P

Pτ
λ

τ
λ λ τ

λ λλτ τλ=
−

=
−

=−
∗ ∗ −

−
∗

� �

�

� �
�




�� . 

Imklv�m=2, lh]^Z 

( ) ( )I H H H� �
�

�
�

� �
� �

�
� �

�
τ λ λ τ ϕ τ λ τλ τ λ τ λ τ= +



 = − +









∗
− ∗ ∗ − ∗ ∗

− ∗
� �������  

b�^ey�gZoh`^_gby� τ��lj_[m_lky�j_rZlv�mjZ\g_gb_ 

( )H ] []− ∗+ = =�
�� �� ������������] λ τ . 

>ey� i>1 bgl_j\Ze�f_`^m�kh[ulbyfb�\�ihlhd_�nhjfbjm_lky�k�mq_lhf�lh]h��
qlh� τ τ τL L L= +
 

 �_klv�kmffZ�^\mo�h^bgZdh\h�jZkij_^_e_gguo�ih�ihdZaZl_ev�

ghfm�aZdhgm�\_ebqbg�k�iZjZf_ljhf�λ∗ ��dhlhjuc�ih�kmlb�hij_^_ey_l�bgl_g�

kb\ghklv�bkoh^gh]h�©ijhj_`b\Z_fh]hª�ihlhdZ�ImZkkhgZ��Lh]^Z 

W W [ [ L QL L L L L L= + = − =− ∗�

�
�τ τ

λ
� OQ � �
 

����� . 
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GZoh`^_gb_�Ze]hjblfZ�^ey�fh^_ebjh\Zgby�fhf_glZ�i_j\h]h�kh[ulby�

ihlhdZ�m-]h� ihjy^dZ� k\yaZgh� k� j_r_gb_f� _s_� [he__� keh`guo� ljZgkp_g�

^_glguo� mjZ\g_gbc�� Ihwlhfm� _keb� j_ZebaZpby� \h� \j_f_gb� ^hklZlhqgh�

^ebggZy��lh�fh`gh�ihevah\Zlvky�ke_^mxsbf�mgb\_jkZevguf�Ze]hjblfhf: 

W W
P

[ L QL L L L L
M

M

P

= + = − ∏ =−
=

�
�

�τ τ
λ

� OQ � �
� �

������� . 

Ijbgpbiu�fh^_ebjh\Zgby�g_klZpbhgZjguo�ihlhdh\�fh]ml�[ulv�ijh�

beexkljbjh\Zgu�gZ�ke_^mxs_f�ijbf_j_� 
Ijbf_j� ������G_klZpbhgZjguc�ihlhd�ImZkkhgZ��bgl_gkb\ghklv� dhlh�

jh]hλ λ= � �W � aZ\bkbl� hl� \j_f_gb�� Z� iehlghklv� jZkij_^_e_gby� bgl_j\ZeZ�

f_`^m�kh[ulbyfb��ijhbkoh^ysbfb�\�fhf_glu� W∗ �b� W W∗ + ��bf__l�\b^ 

( ) ( ) ( ) ( )I W W W W H W W X GXW W

W

W W

∗ ∗
−

∗

∗+
= = ∫� � � �
 � 
 � �


Λ ΛΛ �� λ , 

]^_� ( ) ( )Λ


 �W W W W= +∗λ ��Hlkx^Z�^ey�fhf_glZ�ihy\e_gby�i_j\h]h�kh[ulby� 

( ) ( ) ( ) ( ) ( )W I X GX X GX [ X X H
X

� � �
�

�

� �
�

�

�
�

� �= ∫ = = = −∫ = −τ τ λ
τ τ

� � OQ � �

 � � �

�� ��IΛ Λ Λ . 

>Zevg_crZy�f_lh^bdZ�gZoh`^_gby�fhf_glh\�kh[ulbc�ZgZeh]bqgZ 

( ) ( )W W W X GX [ QL L L L L
WL

W
L L

= + = ∫ = − =− −
−

− +

� �

�

�

� �τ τ λ
τ

� � OQ � ����� ��LΛ . 

>ey� fh^_ebjh\Zgby� g_hj^bgZjguo� ihlhdh\� \� Q-ko_fZo�
� OLP � � � �

∆
∆

W
P3 W W

→
≠

�

� �djhf_�aZ^Zgby�aZdhgh\�jZkij_^_e_gby��fhf_glh\�ihy\e_�

gby� W L QL � �= � �g_h[oh^bfh�hij_^_eylv�jZkij_^_e_gb_�qbkeZ�kh[ulbc�\�jZk�

kfZljb\Z_fuc�fhf_gl� \j_f_gb��:gZeh]bqgh� ^ey� g_h^ghjh^guo� ihlhdh\�

lj_[m_lky�aZ^Zgb_�aZdhgZ�jZkij_^_e_gby�ijbagZdh\�kh[ulbc� I L QL � �= �  
����Ihkljh_gb_�fh^_ebjmxs_]h�Ze]hjblfZ�KFH�\�p_ehf 

Djhf_� aZ^Zgby� ihlhdh\� kh[ulbc� ijb�nhjfZebaZpbb� ijhp_kkZ�nmgd�

pbhgbjh\Zgby� kbkl_fu� k�ihfhsvx�Q-ko_f�b�ihkljh_gbb� __�fh^_ebjmx�
s_]h�Ze]hjblfZ�g_h[oh^bfh�aZ^Zlv�kljmdlmjm�lZdhc�kbkl_fu��HgZ�ij_^\Z�

jbl_evgh� hij_^_ey_lky� kh[kl\_ggufb� \gmlj_ggbfb� iZjZf_ljZfb� KFH: 
dhebq_kl\hf� nZa� /n ;� dhebq_kl\hf� dZgZeh\� h[kem`b\Zgby� dZ`^hc� nZau�

/ M /DM n� �= � ;�dhebq_kl\hf�gZdhibl_e_c�dZ`^hc�nZau� / M /+M n� �=� ;�_fdhklvx�

dZ`^h]h�gZdhibl_ey� � / L / M /+LM +M n� � � �= =� � ��Z�lZd`_�k\yayfb�f_`^m�B�G�b�

D��lh�_klv�hi_jZlhjhf�khijy`_gby�R we_f_glh\�kbkl_fu��Djhf_�lh]h��aZ�
^Zxlky�^bkpbiebgu�h`b^Zgbc�aZy\hd�\�H�b�\u[hjZ�bo�gZ�h[kem`b\Zgb_�\�
D��>ey�jZajZ[hldb�fh^_ebjmxs_]h�Ze]hjblfZ�p_e_khh[jZagh�bkihevah\Zlv�

ki_pbZevgu_�]jZnbq_kdb_�bah[jZ`_gby��kf��jbk����kljmdlmju�KFH�� 
               H31     
                     

D11 D31 
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  H11      H21           
         µ11        l31     µ31  
               H32     
λ1  l11      l21  µ21        
                     
      µ12        l32     µ32  

Jbk�� 
A^_kv�h[hagZq_gby�λ∗ �hij_^_eyxl�bgl_gkb\ghklb�\oh^guo�ihlhdh\��Z�µ∗∗ - 
bgl_gkb\ghklb� ihlhdh\� h[kem`b\Zgby��Rljboh\ufb� ebgbyfb� ihdZaZgu�

\hafh`gu_�[ehdbjh\db�� 
<�khhl\_lkl\bb�k�fh^mevguf�ijbgpbihf�ihkljh_gby�BF�KFH��\�g_c�

^he`gu�ijbkmlkl\h\Zlv�ke_^mxsb_�we_f_glu� 
1. We_f_glu�lbiZ�B��y\eyxsb_ky�Zdlb\gufb��ijbq_f�l_dms__�khklhy�

gb_�dZ`^h]h��hibku\Z_lky�iZjhc�� { }] W Wb
L

P
L

L P
L= � � � �� � �λ ��]^_� WP

L� �  -�\j_fy�ihklmi�

e_gby�hq_j_^ghc�aZy\db��Z� ( )λ L P
LW � � �bgl_gkb\ghklv�ihlhdZ�hl�B L . 

2. We_f_glu�lbiZ�H, y\eyxsb_ky�iZkkb\gufb��DZ`^uc� i-uc�gZdhib�
l_ev� k-hc� nZau� + LN  fh`_l� gZoh^blvky� \� l_dms_f� khklhygbb�

{ }] O O+N
L

N
L

+LN
� � � � �����= ∈� ��I_j_oh^� ba� h^gh]h� khklhygby� \� ^jm]h_� ijhbkoh^bl�

f]gh\_ggh�ijb�ihklmie_gbb��moh^_��aZy\db�b�khijh\h`^Z_lky�m\_ebq_gb�

_f��mf_gvr_gb_f�� ON
L� � �gZ�_^bgbpm�aZ�bkdexq_gb_f�]jZgbqguo�khklhygbc� 

3. We_f_glu�lbiZ�K��y\eyxsb_ky�Zdlb\gh-iZkkb\gufb��Hgb�fh]ml�gZ�
oh^blvky� �\� khklhygbb� ©aZgylª�� ]^_�y\eyxlky� � Zdlb\gufb��b�\� khklhygbb�

©k\h[h^_gª��]^_�y\eyxlky�iZkkb\gufb��L_dms__�khklhygb_�i-]h�dZgZeZ�j-hc�
nZau� .LM hij_^_ey_lky� ljhcdhc� \_ebqbg� { }] W WDM

L L M
U
L M

LM U
L M� � � � � � � � � � �

� � �= α µ �� ]^_�

α � � �
�

L M = � �� �©aZgylª��©k\h[h^_gª��� W U
L M� � � -�\j_fy�h[kem`b\Zgby�hq_j_^ghc�aZ�

y\db��Z� µ LM U
L MW� �� � � -�bgl_gkb\ghklv�ihlhdZ�h[kem`b\Zgby��I_j_oh^�ba�h^gh]h�

khklhygby�\�^jm]h_�ijhbkoh^bl�f]gh\_ggh�ijb�ihklmie_gbb�aZy\db�gZ�h[�

kem`b\Zgb_�beb�hdhgqZgbb�h[kem`b\Zgby� 
Djhf_� lh]h� \�BF� p_e_khh[jZagh� \\_klb� ^\Z� lbiZ� \kihfh]Zl_evguo�

we_f_glh\:�hq_j_^v�aZy\hd�b�hq_j_^v�k\h[h^guo�dZgZeh\��Hq_j_^v�aZy\hd�
�HA��gZ�\oh^_�dZ`^hc�nZau�h[kem`b\Zgby�y\ey_lky�iZkkb\guf�we_f_glhf, 
b� __� khklhygb_� hij_^_ey_lky� \_ebqbghc� h[s_c� hq_j_^b�

( ) ( ) ( ) ( ) ( )
] O O Oha

N

ha

N

N

L

L

/+N

+LN= = ∑ ∈





=

� � � ��O �Oha

N

N

L

�

�� �� Khklhygby� baf_gyxlky� f]gh\_ggh�

ijb�ihklmie_gbb�gh\hc�aZy\db� ( ) ( )( )O Oha

N

ha

N= +� �beb�ijb�hk\h[h`^_gbb�dZgZeZ�

nZau� ( ) ( )( )O Oha

N

ha

N= −� ��Hq_j_^v�k\h[h^guo�dZgZeh\� �HD��dZ`^hc� j-hc�nZau�

y\ey_lky� iZkkb\guf� we_f_glhf� b� oZjZdl_jbam_lky� qbkehf� �� b� \hafh`gh�

b1 

D12 

D21 

D32 

b2 λ2 
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lbihf���k\h[h^guo�dZgZeh\��>ey�HD�__�khklhygb_�hij_^_ey_lky�\_ebqbghc�

( ) ( ) ( ) ( ) ( )] O /hd

M

hd

M L M

L

/DM

DM= = ∑ ∈






=

� � � �
�

�O �Ohd

M

hd

Mα
�

�� �� Khklhygb_� baf_gy_lky� f]gh\_ggh�

ijb�ihklmie_gbb�gh\hc�aZy\db� ( ) ( )( )O Ohd

M

hd

M= −� �beb�ijb�hk\h[h`^_gbb�ex[h]h�

dZgZeZ� ( ) ( )( )O Ohd

M

hd

M= +� . 

LZdbf�h[jZahf��ijb�bfblZpbb�ijhp_kkZ�nmgdpbhgbjh\Zgby�Q-ko_fu�
gZ�W<F�^he`gh�[ulv�hj]Zgbah\Zgh�iylv�hkgh\guo�fZkkb\h\�^Zgguo: 

( ){ }: ]b b
L= � �L  ��/Q ;      ( ){ }: ]+ +N

L= � �L  ��/ � ��N  ��/+N n ; 

( ){ }: ]D dM

L= � �L  ��/ �� �M  ��/ �DM n
( ){ }��: �N  ��/nha ha
N

]= � �  
( ){ }: ]hd hd

M= � ��M  ��/n  

dhlhju_�bkihevamxlky�ijb�j_ZebaZpbb�ex[h]h�lbiZ�fh^_ebjmxs_]h�Ze]h�

jblfZ� 
H[sZy�[ehd-ko_fZ�lZdh]h�Ze]hjblfZ�ijb�j_ZebaZpbb�f_lh^Z�∆z�aZ^Z�

gby�fh^_evgh]h�\j_f_gb�bf__l�\b^��ihdZaZgguc�gZ�jbk����<�[ehdZo�ko_fu: 
lbiZ� ( ) ( )

O Oha

M

ha

M= + ��aZihfbgZ_lky�fhf_gl�ihklmie_gby�aZy\db�\�h^bg�ba�gZdh�
ibl_e_c� + LM � b� __� ijbhjbl_l� \� fZkkb\_� hq_j_^b� aZy\hd� nZau;� lbiZ�

( ) ( )
O Oha

M

ha

M= −��\u[bjZ_lky� aZy\dZ�ba�gZdhibl_ey� + LM ��nbdkbjm_lky�\j_fy�\u�

[hjZ�b�\j_fy�ijh\_^_gby�aZy\db�\�hq_j_^b;�lbiZ� ( ) ( )
O Ohd

M

hd

M= −�ijhba\h^blky�
\u[hj�dZgZeZ� D LM �ba�fZkkb\Z�hq_j_^b�dZgZeh\��\uqbkey_lky�^ebl_evghklv�

h[kem`b\Zgby� b� \j_fy� hk\h[h`^_gby� dZgZeZ� hl� ^Zgghc� aZy\db;� lbiZ�
( ) ( )
O Ohd

M

hd

M= +��ijhba\h^blky�aZkuedZ�fhf_glZ�hk\h[h`^_gby�dZgZeZ�Kij �b�_]h�

ijbhjbl_lZ�\�fZkkb\�hq_j_^b�k\h[h^guo�dZgZeh\�nZau��dZgZe�klZgh\blky�

iZkkb\guf�b�bkdexqZ_lky�ba�\j_f_gghc�ihke_^h\Zl_evghklb�kh[ulbc� 
Ij_^klZ\e_ggZy� ko_fZ� ihkljh_gby� BF� y\ey_lky� ^hklZlhqgh� h[s_c��

ohly��_kl_kl\_ggh��\�dZ`^hf�dhgdj_lghf�kemqZ_�hgZ�fh`_l�[ulv�mlhqg_gZ��

GZijbf_j��\�kemqZ_��_keb�j_Zebam_lky�f_lh^�- ∆t aZ^Zgby�fh^_evgh]h�\j_�
f_gb,�\�g_c�^he`_g�[ulv�^hihegbl_evgh�\\_^_g�pbde�ih�qbkem�hlkq_lh\�gZ�
\j_f_gghc�hkb�n=T/∆t,� Z� kjZ\g_gb_�\j_f_gguo�bgl_j\Zeh\� kh[ulbc�ijh�
\h^blky� k� lhqghklvx�∆t��=eZ\gh_�`_�\�ij_^klZ\e_gghc�ko_f_�lh,�qlh�hgZ�
beexkljbjm_l�\Z`g_crbc�ijbgpbi�ihkljh_gby�BF��ijb�dhlhjhf�hkgh\�

gu_�[ehdb�fh^_eb��bf_xsb_�ZgZeh]bqgu_�nmgdpbb��\uihegyxlky�\�\b^_�

hl^_evguo�fh^me_c�beb�ih^ijh]jZff�klZg^Zjlgh]h�\b^Z�� 
Dhgljhevgu_�\hijhku�b�aZ^Zgby 

1. AZibkZlv�Ze]hjblf�fh^_ebjh\Zgby�ihlhdZ�kh[ulbc�^hjh`gh]h�ljZnbdZ�
k�jZ\gh\_jhylguf�aZdhghf�jZkij_^_e_gby�f(τ) gZ�bgl_j\Ze_�[a,b]. 

2. AZibkZlv� Ze]hjblf� fh^_ebjh\Zgby� ihlhdZ� kh[ulbc�� \� dhlhjhf� τ=Z�ξ, 
]^_�ξ -�jZkij_^_e_gZ�ih�ihdZaZl_evghfm�aZdhgm� 
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3. Hij_^_eblv�Ze]hjblf�fh^_ebjh\Zgby�KFH�bf_xs_c�kljmdlmjm�\�khhl�

\_lkl\bb�k�jbk��� 
4. DZd�baf_gblky�kljmdlmjZ�bkoh^guo�^Zgguo�b�fh^_ebjmxs_]h�Ze]hjbl�

fZ�\�p_ehf�^ey�KFH�k�g_bkijZ\ghklyfb�dZgZeh\�h[kem`b\Zgby? 
5. DZd�baf_gblky�kljmdlmjZ�bkoh^guo�^Zgguo�b�fh^_ebjmxs_]h�Ze]hjbl�

fZ�KFH�ijb�gZebqbb�g_h^ghjh^gh]h�ihlhdZ�aZy\hd? 
 
     GZqZeh      
                
     mklZgh\dZ�gZq��mkeh\bc�\k_c�fh�

^_eb��gZqZeh�pbdeZ�ih� , 1= ��  
     

                
     mklZgh\dZ�gZq��mkeh\bc�gZ�h^gm�

j_ZebaZpbx 
     

                
     ihbkd 

W 
 PLQ�PLQ �PLQ �= �W �WU
�L�M�

P
�L�  

     

                
     i_j_oh^�d�bfblZpbb�khhl\��Zd�

lb\gh]h�we_f_glZ 
     

                
ihklmie_gb_ 
aZy\db�hl�Bi 

  hk\h[h`^_gb_ 
dZgZeZ�g_ihke��nZau 

  hk\h[h`^_gb_ 
dZgZeZ�ihke��nZau 

                
 hq_j_^v 

k\��dZg� 
    hq_j_^v 

aZy\�  
    hq_j_^v 

aZy\�  
 

                
 
O O Oha
O

ha
O

hd
O� � � � � �= + = −� �������Ohd

�O�  
 
O O O
hd

M
hd
M

ha
M� � � � � �= + = −� �Oha

�M�  
 
O O Ohd

/n
hd
/n

ha
/n� � � � � �= + = −� �Oha

�/n �

 
                
  

nhjfbjh\Zgb_�

gh\hc�aZy\db�

W W
 
 
= + τ  

   
hq_j_^v 
k\��dZg� 

 

   

nbdkZpby�iZjZ�

f_ljh\�h[kem�

`_gghc�aZy\db 

 

                
O O Oha

M
ha

M
hd

M� � � � � �+ + += + = −� � �� ������Ohd
�M���  

                
       

 
    t*>T?  

 

      

                
       

I>N 
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+
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     h[jZ[hldZ�j_amevlZlh\�BF      
                
      ��������������dhg_p      
            
      Jbk��      
 

��DZd�baf_gblky�kljmdlmjZ�bkoh^guo�^Zgguo�b�fh^_ebjmxs_]h�Ze]hjblfZ�

ko_fu�jbk���ijb�j_ZebaZpbb�f_lh^Z�∆t? 
��Hij_^_eblv� bkoh^gu_� hibkZgby� ^ey� fh^_ebjh\Zgby� bgnhjfZpbhggh� - 
\uqbkebl_evghc�k_lb�ij_^ijbylby�dZd�KFH�klZg^Zjlghc�kljmdlmju� 

��Fh^_ebjh\Zgb_�Z]j_]Zlb\guo�kbkl_f 
����Ihgylb_�Z]j_]ZlZ�b�_]h�fZl_fZlbq_kdZy�fh^_ev 

GZb[he__� h[sbf� ih^oh^hf� d� nhjfZebaZpbb� hibkZgby� ijhp_kkh\�

nmgdpbhgbjh\Zgby�keh`guo�kbkl_f�y\ey_lky�Z]j_]Zlb\guc�ih^oh^��\�jZf�

dZo� dhlhjh]h� we_f_glu� hibku\Zxlky� gZ� hkgh\_�:� -� ko_f� beb� Z]j_]Zlh\��
Ex[hc�Z]j_]Zl��jbk����oZjZdl_jbam_lky�fgh`_kl\hf�Tx�fhf_glh\�\j_f_gb��

\oh^guo� X�� mijZ\eyxsbo� G� b� \uoh^guo� Y� \ha^_ckl\bc�� fgh`_kl\hf�
\gmlj_ggbo�khklhygbc�Z��Z�lZd`_�kemqZcgufb�hi_jZlhjZfb�H b�F - i_j_�
oh^h\�b�\uoh^h\��>ey�nmgdpbhgbjh\Zgby�Z]j_]ZlZ�oZjZdl_jgh��qlh�\oh^�

gu_�x(t),�mijZ\eyxsb_�g(t)�b�\uoh^gu_�\ha^_ckl\by�ihklmiZxl�\�hij_^_�
e_ggu_�fhf_glu�\j_f_gb�b�h[jZamxl�iZju� kemqZcguo�ihke_^h\Zl_evgh�

kl_c� ( ) ( ) ( )W [ J \L
[

L M N� � � � � ��L  ���� � � W �M  ���� � � W �N  ���� �M
J

N
\

� � � �KqblZ_lky��qlh�aZ�

dhg_qguc�bgl_j\Ze�\j_f_gb�\�Z]j_]Zl�ihklmiZ_l�dhg_qgh_�qbkeh�\ha^_ckl�

\bc��Kh\hdmighklb�\ha^_ckl\bc�gZ�ihembgl_j\Ze_� �t0,t] gZau\Zxlky�khhl�
\_lkl\_ggh� \oh^guf� - [ W

W

�

�� mijZ\eyxsbf� - J W
W

�

�b� \uoh^guf� khh[s_gb_f�

\ W
W

�

��<gmlj_ggb_�khklhygby�z(t)∈Z�baf_gyxlky�\�h[s_f�kemqZ_� 

\h� \j_f_gb� ihklhyggh�� Khklhygby�

Z]j_]ZlZ� \� fhf_glu� ihklmie_gby�

\oh^guo�b� mijZ\eyxsbo� \ha^_ckl�

\bc�� Z� lZd`_� \u^Zqb� \uoh^gh]h�

\ha^_ckl\by� gZau\Zxlky� hkh[ufb� 
Ba�hkh[uo�khklhygbc�Z]j_]Zl�i_j_�

oh^bl� \� gh\u_� kdZqdhf�� lh� _klv� aZ�

[_kdhg_qgh� fZeuc� bgl_j\Ze� \j_f_gb��Ihwlhfm� ^ey� Z]j_]ZlZ� ijh\h^blky�

dhgdj_lbaZpby�\b^Z�hi_jZlhjZ�H�^ey�jZaebqguo�kblmZpbc�\hagbdgh\_gby�
hkh[uo� khklhygbc�� Imklv� W [
 � fhf_gl� \hagbdgh\_gby� hkh[h]h� khklhygby�

z( W [
 )�� k\yaZggh]h� k� gZklmie_gb_f� \oh^gh]h� \ha^_ckl\by� [
∈X�� Z� J *V ∈  

ihke_^g__�mijZ\eyxs__�\ha^_ckl\b_� W WV
J [≤ 
 ��lh]^Z�hi_jZlhj�H�bf__l�\b^ 

Jbk��

x(t)
y(t)

g(t)

�����H,F
     z(t)

 



23  

( ) ( )( )] W + ] W [ J W W
[ [

V
[ [


 
 
 
 
� � � �+ = ≤� � ��W V
J . 

?keb� W J
  -�fhf_gl�ihklmie_gby�mijZ\eyxs_]h�\ha^_ckl\by�b�\hagbdgh\_�

gby�khhl\_lkl\mxs_]h�hkh[h]h�khklhygby��lh 
 ( ) ( )( )] W + ] W J W

J J J

 
 
 
� � �+ =� � ��  

?keb� W \
  -�fhf_gl�\u^Zqb�\uoh^gh]h�kb]gZeZ��lh 

( ) ( )( )] W + ] W J W W
\ \

V
\ \


 
 
 
� � � �+ = ≤� � ��W V
J

 

GZdhg_p��gZ�bgl_j\Ze_�\j_f_gb� ( ]W W
 

� �� ]^_�g_l�hkh[uo�khklhygbc��ih\_�

^_gb_�Z]j_]ZlZ�hibku\Z_lky�hi_jZlhjhf 

( ) ( )( ) ( ]] W + ] W J W W WV= + ≤ ∈� �
 
 

� � � � � ��W �W WV
J


  

>ey�hij_^_e_gby�hi_jZlhjZ�F�gZ�fgh`_kl\_�Z�\gmlj_ggbo�khklhygbc�
Z]j_]ZlZ� \u^_eyxl� k_f_ckl\h�ih^fgh`_kl\� { }= =

\
\

� �
�= � h[eZ^Zxs__� ke_�

^mxsbfb� k\hckl\Zfb�� <uoh^ghc� kb]gZe� \u^Z_lky� \� fhf_gl� W \
 �� _keb: 

��khklhygb_� ( )] W =
\ \



� �
�∈ � gh� ( )] W =

\ \



� �
�− ∉ε  2)khklhygb_� ( )] W =

\ \



� �
�+ ∈� � gh�

( )] W =
\ \



� �
�∉ �Ijb�wlhf�hi_jZlhj�F ij_^klZ\ey_lky�\�\b^_ 

( ) ( )( ) ( ) ( )( )\ W ) ] W J W ) ] W W = WV
\ \= ≤� �� � � � � �
���W V

J ( ) ( ) ( )

( ) ( )
) W

=

=

\

\�

�

�
=

∈

∉







� �

� �

�] W

�] W
 

Jhev�hi_jZlhjZ�F2 a^_kv�k\h^blky�d�nbdkZpbb�fhf_glZ� W \
 �^hklb`_gby�]jZ�

gbp�h^gh]h�ba�ih^fgh`_kl\�k_f_ckl\Z� ( )=
\
�LZdbf�h[jZahf��ih^�Z]j_]Zlhf�

ihgbfZ_lky�h[t_dl��hij_^_eyxsbcky�kh\hdmighklvx�fgh`_kl\�b�kemqZc�

guo�hi_jZlhjh\� ( ) { } { }: 7 ; * < = = + )[

\

L L=< >� � � � � � � � 

Ijbf_j��������JZkkfhljbf�h^ghdZgZevgmx�KFH�we_f_glZjgh]h�lbiZ��

hibku\Zxsmx�ijhp_kk�j_r_gby�aZ^Zq�gZ�W<F�beb�\�ki_pbZebabjh\Zgghf�

ijhp_kkhj_��DZ`^Zy�aZ^ZqZ�ihklmiZ_l�\�kemqZcguc�fhf_gl�tj b�oZjZdl_jb�
am_lky� kemqZcguf� iZjZf_ljhf� Zj.�?keb� \uqbkebl_ev� k\h[h^_g�� lh� aZ^ZqZ�
ijbgbfZ_lky�d�j_r_gbx��\�ijhlb\ghf�kemqZ_�hgZ�ihklmiZ_l�\�hq_j_^v�gZ�

dhibl_ey��]^_�gZoh^blky�g_�[he__��q_f�νj=ϕ(aj,β),�]^_�β -�\gmlj_ggbc�iZjZ�
f_lj��oZjZdl_jbamxsbc�ijhba\h^bl_evghklv�W<F��?keb�^h�fhf_glZ� tj+νj 
aZ^ZqZ� g_� [m^_l� ijbgylZ� d� h[kem`b\Zgbx�� lh� hgZ� moh^bl��>ebl_evghklv�

j_r_gby� aZ^Zqb�hij_^_ey_lky� \_ebqbghc�ηj=ψ(aj,β)��Ih�hdhgqZgbb�j_r_�

gby�aZ^Zqb�\uqbkebl_ev�ijbklmiZ_l�d�j_r_gbx�ke_^mxs_c� 
<gmlj_ggb_� khklhygby� kbkl_fu� hij_^_eyxlky� ke_^mxsbfb� dhfih�

g_glZfb: z1(t) -�\j_fy��hklZ\r__ky�^h�hdhgqZgby�j_r_gby�aZ^Zqb��gZoh^y�

s_cky�gZ�h[kem`b\Zgbb; z2(t) - qbkeh�aZ^Zq�\�kbkl_f_��\�hq_j_^b�b�gZ�h[�
kem`b\Zgb_�; zm(t)=ak, m=1+2k, k=� ��� � �] W −  - iZjZf_lju�aZ^Zq�\�hq_j_^b; 
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zr(t), r=2+2k, k=� ��� � �] W −  - hklZ\r__ky�\j_fy�gZoh`^_gby�k -�hc�aZ^Zqb�\�

hq_j_^b�^h�fhf_glZ�ihemq_gby�hldZaZ��<oh^gh_�\ha^_ckl\b_�\�fhf_gl� W M
[  

hij_^_ey_lky� iZjZf_ljhf� aZ^Zqb� x( W M
[ )=aj. Imklv� W M

[ �fhf_gl� ihklmie_gby�

gh\hc� aZ^Zqb�� lh]^Z� hi_jZlhj�H=H1=H2� �mijZ\eyxsbo� \ha^_ckl\bc� g_l��

aZ^Z_lky�ijb�z2( W M
[ )>0 khhlghr_gbyfb  

( ) ( )] W ] WM
[

M
[

� ��+ = � ( ) ( )��]� �� �W ] WM
[

M
[+ = + �  

( ) ( )] W ] WN M
[

N M
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[

M
[

� �+ = ψ β� �   ( ) ( )] W ] WM
[

M
[

� �� � �+ = + = � 

A^_kv�b�^Ze__�ijb�z2(t)=0 khklhygby�z1+2k(t), z2+2k(t), a k≥1 g_�hij_^_e_gu� 
K_f_ckl\h�ih^fgh`_kl\ Z ( )\ �hij_^_ey_lky�iZjhc� 
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<

< <
� �
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Lh]^Z��_keb� W W
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� b�wlhl�fhf_gl�khhl\_lkl\m_l�hdhgqZgbx�j_r_gby�hq_�

j_^ghc�aZ^Zqb��lh�hi_jZlhj�+��jZkdju\Z_lky�lZdbf�h[jZahf 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

] W ] W W ] W

] W ] W W ] W

N ] W

] W

\ \ \ \

N
\

N
\

N
\

N
\

\

\

� � � � � � � �

� � � � � � � � � � � � � �

�

�

� � �

� �

� �

�


 
 
 



 � � 
 
 � � 








� �� �

�

� �

+ = + = −

+ = + =

≤ ≤ −










>+ + + + + +

ψ β ���������]

����]

����������������������������������������������������������

; 

( ) ( )] W ] W[
\ \

� � � �� �+ = =
 �            ( ) } ( )] W W[
\

[
\

� � � � �+ = =���������� ��]� . 

?keb�`_� W W
\= 
� �fhf_gl�\j_f_gb��dh]^Z�bkl_dZ_l��\j_fy�h`b^Zgby�h^ghc�ba�

aZy\hd�\�hq_j_^b��gZijbf_j�l-hc���lh�hi_jZlhj�+��hij_^_ey_lky�lZd� 

( ) ( )] W ] W
\ \

� � � ��
 
 �+ =             ( ) ( )] W ] W
\ \

� � � �� �
 
 �+ = −  

( ) ( ) ( ) ( )] W ] W W ] W N ON
\

N
\

N
\

N
\

� � � � � � � � � � � �� �+ + + ++ = + = <
 
 
 
� � �������]  

( ) ( ) ( ) ( ) ( )] W ] W W ] W N ] WN
\

N
\

N
\

N
\ \

� � � � � � � � � � � � � � � �� � �+ + + + + ++ = + = ≤ ≤ −
 � � 
 
 � � 
 
� ��] �O . 

GZdhg_p��\�bgl_j\ZeZo�f_`^m�fhf_glZfb�gZklmie_gby�hkh[uo�khklhygbc�

ih\_^_gb_�Z]j_]ZlZ�hibku\Z_lky�hi_jZlhjhf�+� �\b^Z 

( ) ( ) ( ) ( ) ( )] W ] W W W W ] W� � � �� �= + − − = +
 
 
� ���]  

( ) ( ) ( ) ( )] W ] W W W WN N N� � � � � �� �+ + += + + − −
 
 
� ��] . 
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<uoh^gu_�\ha^_ckl\by�\�^Zgghf�ijbf_j_�hij_^_eyxlky�\�\b^_� ( )\ \ \= � �� , 

]^_� \� �= ; 0 -� ijbagZd� h[kem`b\Zgby� aZ^Zqb�� ihdb^Zxs_c� kbkl_fm�� Z�

( )\ D WM
\

l

� = � � 
β -� _klv� kh\hdmighklv� k\_^_gbc� h� aZ^Zq_�� hij_^_eyxsbo� lbi�

aZ^Zqb�� iZjZf_lj� kbkl_fu� b� \j_fy� \uoh^Z� ba� kbkl_fu�� Khhl\_lkl\_ggh�

hi_jZlhj�F�^ey�fhf_glh\�\j_f_gb� W \
� �b� W
\

� �hij_^_ey_lky�khhlghr_gbyfb� 

( ) ( )\ D W WM
\ \= =� �� � �� � � �
 
β ����] ;     ( ) ( )\ D W WM

\

O

\= =+� �� � � �� � � �
 
β ����] . 

<� ^Zgghf� ijbf_j_� jhev� hi_jZlhjZ� )� � nZdlbq_kdb� k\h^blky� d� ijh\_jd_�

]jZgbqguo�mkeh\bc�^ey�\j_f_gb�gZoh`^_gby� aZ^Zq�\� kbkl_f_� �\�hq_j_^b�

beb�gZ�h[kem`b\Zgbb�� 
����Ko_fZ�dmkhqgh-ebg_cgh]h�Z]j_]ZlZ�b�__�ijbf_g_gb_ 

<Z`guf� qZklguf� kemqZ_f� h[s_c� fh^_eb� Z]j_]ZlZ� y\ey_lky� fh^_ev�

dmkhqgh-ebg_cgh]h� Z]j_]ZlZ� �DE:��� >ey� DE:� hl^_evgh� g_� \u^_eyxl�
mijZ\eyxsb_�\ha^_ckl\by��gh�]eZ\gZy�hkh[_gghklv�aZdexqZ_lky�\�hkh[hc�

kljmdlmj_�fgh`_kl\Z�\gmlj_ggbo� khklhygbc��AZ^Z_lky�g_dhlhjh_� kq_lgh_�

fgh`_kl\h� I�hkgh\guo�khklhygbc� �gZijbf_j�� { }, = � � �� � ���� )��We_f_gl� ν ∈,  
gZau\Z_lky�hkgh\guf�khklhygb_f��dhlhjhfm�klZ\blky�\�khhl\_lkl\b_�p_eh_�

g_hljbpZl_evgh_�qbkeh� ν ��gZau\Z_fh_�jZg]hf�khklhygby��DZ`^hfm� ν ∈,  
klZ\blky�\�khhl\_lkl\b_�ih^fgh`_kl\h�Zν ^hihegbl_evguo�khklhygbc��h[�
jZamxs__� \� _\deb^h\hf� ijhkljZgkl\_� jZaf_jghklb� Qν ν=  \uimdeuc�

fgh]h]jZggbd��Lh]^Z�h[s__�fgh`_kl\h� khklhygbc�ij_^klZ\ey_lky�\�\b^_�

h[t_^bg_gby�kq_lgh]h�gZ[hjZ�g_i_j_k_dZxsboky�ih^fgh`_kl\�b�khklhbl�

ba�\k_\hafh`guo�iZj�( )ν ν
�

� �
] . 

= =
,

= ν
ν∈

��    ( ) ( )( ) ( ) ( ) ( )( )] W ] = ] ] =Q

L

= ∈ ∈ = ∈ν νν ν ν
ν
ν

ν� � � � ���� ,� �] � �  

?keb� \� gZqZevguc�fhf_gl� t0 z(t0)=(ν,z(ν)(0)), z(ν)(0)∈Zν,� lh� gZ� bgl_j\ZeZo�
\j_f_gb� ��g_�kh^_j`Zsbo�hkh[uo�khklhygbc��ijb� W W> � �lhqdZ� ( )] W

� �ν �i_j_�

f_sZ_lky�\gmljb�=ν �^h�l_o�ihj��ihdZ�g_�^hklb]g_l�_]h�]jZgbpu�\�hihjguc�

fhf_gl� \j_f_gb� W� �� Lh]^Z� ijb� W W W� �< ≤ � ih\_^_gb_� DE:� hibku\Z_lky��

mjZ\g_gb_f 

( ) ( ) ( ) ( )ν ν ν ν ν ν
ν

W FRQVW W ] W W D
G]

GW
= = = + − =� �

� � � � � �
� �

���] ���D� � , 

]^_� D � �ν  -�ihklhygguc�\_dlhj�jZaf_jghklb� ( )Q D D DQ
l

ν
ν ν

ν
νν= =� �����

� � � � � � ��>ey�

DE:� agZq_gb_� hihjgh]h� fhf_glZ� W� � hij_^_ey_lky� ljZ_dlhjb_c� ( )] W
� �ν � b�

nhjfhc�fgh]h]jZggbdZ�=ν  

( ) ( ){ }W W ] W W D ] W W� � ��= + − ∉ >LQI � �
� �ν ν

ν . 
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H[s__�qbkeh�]jZg_c� =ν �jZ\gh� Pν ,�ijbq_f�dZ`^Zy�]jZgv� ( )
=

M

ν �hij_^_�

ey_lky�mjZ\g_gb_f� 
( ) ( ) ( ) ( )

= ]
M

L Mν
νν ν ν

νγ γ� �� ��M  ��PML
L �

Q

∑ + =� � . 

Lh]^Z�fhf_gl�^hklb`_gby�]jZgbpu�=ν �hij_^_ey_lky�mjZ\g_gb_f 

t1=t0+min τj, 
( ) ( ) ( ) ( ) ( )τ γ γ γν ν νν ν νν

νM M ML L
L

Q

ML L
L

Q

] D= − + ∑



 ∑

= =
�

� �

�� � � ���M  ��P . 

Ke_^mxs_c�hkh[_gghklvx�DE:�y\ey_lky�lh��qlh�\�fhf_gl�t1�_]h�khklhygb_�
baf_gy_lky�kdZqdhh[jZagh�\�khhl\_lkl\bb�k�aZdhghf�jZkij_^_e_gby P1��aZ�

\bkys_f�lhevdh�hl�khklhygby�z(t1) b�y\ey_lky�hkh[uf�khklhygb_f�Z]j_]ZlZ��
khijh\h`^Zxsbfky�\u^Zq_c�\uoh^gh]h�kb]gZeZ 

( ) ( ) ( )( ) ( )] W ] ] W 3 ] W 3 ] ] W� � � �� � �� ��+ = 



� � � � � � �


 �


� 


���3 ν νν . 

]^_� ν 
 ∈, �gh\h_�agZq_gb_�hkgh\gh]h�khklhygby��OZjZdl_jbamy�ijhp_kk�\u�

^Zqb� \uoh^gh]h� kb]gZeZ� ijb� ^hklb`_gbb� hkh[h]h� khklhygby� \� ^Zgghf�

kemqZ_�� ke_^m_l� hlf_lblv�� qlh� k_f_ckl\h�ih^fgh`_kl\� = <� � �� \\_^_ggh_� \�

h[s_f�hij_^_e_gbb�Z]j_]ZlZ��\�^Zgghf�kemqZ_�kh\iZ^Z_l�k�ih\_joghklvx�

\k_o� ]jZg_c�DE:� = =
< M

M

P
� � � �= ∑

==

∞

ν
ν

ν ��

� ��LZdbf�h[jZahf��ihke_�kdZqdZ�ih�^hklb�

`_gbb�]jZgbpu� =ν �DE:�ihiZ^Z_l�\�khklhygb_� ] ] W= +



ν ν





� � � �� � �dhlhjh_�

fh`gh�kqblZlv�gh\uf�gZqZevguf��>Ze__�ijb�t>t1 ^\b`_gb_�DE:�hkms_kl�

\ey_lky��\gmljb�h[eZklb�=
ν 

�ih�ZgZeh]bqghfm�aZdhgm� 

<�hlghr_gbb�hibkZgby�\oh^guo�b�\uoh^guo�\ha^_ckl\bc�\Z`gh�mdZ�

aZlv��qlh�fgh`_kl\Z�X b�Y�bf_xl�ZgZeh]bqgmx�Z kljmdlmjm��<oh^gu_�\ha�
^_ckl\by�ij_^klZ\eyxlky�\�\b^_��iZju� ( )[ [= µ µ�

� � ��]^_�µ -�we_f_gl�g_dhlh�

jh]h� kq_lgh]h� fgh`_kl\Z�� Z� ( )[ [ [Q
7

� � � � � �
�����

µ µ
µ
µ= � -� \_dlhj�� ijbgbfZxsbc�

agZq_gby�ba�_\deb^h\Z�ijhkljZgkl\Z� ;µ  jZaf_jghklb� Qµ µ= ��<uoh^gu_�

\ha^_ckl\by�ij_^klZ\eyxlky�khhl\_lkl\_ggh�\�\b^_�iZju� ( )\ \= λ λ
�

� �
, �]^_�

λ -� we_f_gl� kq_lgh]h� fgh`_kl\Z�� Z� ( )\ \ \Q
L

� � � � � �
�����

λ λ
λ
λ= � -^_ckl\bl_evguc�

\_dlhj�� Qλ λ= ��HibkZgb_�ih\_^_gby�DE:�ijb�ihklmie_gbb�\oh^guo�\ha�

^_ckl\bc��gZijbf_j� [∗
� �µ �\�fhf_gl� W [∗  (hi_jZlhj�H1 \�h[s_c�ko_f_�Z]j_]ZlZ��

hij_^_ey_lky� aZdhghf� jZkij_^_e_gby� P2�� aZ^Zxsbf� kdZqhd� ba� lhqdb�

( ) ( )] W ]
[
∗ = ν ν

�
� � �\�lhqdm� ( )] W ]

[
∗ + = 



� ν ν

 �




�

� ��bf_xsbf�\b^ 
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( ) ( )( ) ( )( ) ( )] W ] ] W [ 3 ] W [ 3 ] ] W [
[ [ [ [
∗ ∗ ∗ ∗ ∗ ∗ ∗+ = 



� � �� ��� � � � � � � �



 �



� 



�����3 ν νν . 

Djhf_� lh]h�� \�fhf_gl� ihklmie_gby� \oh^gh]h� kb]gZeZ� b� kdZqdZ� z(t) DE:�
fh`_l�\u^Z\Zlv�\uoh^ghc�kb]gZe��kh^_j`Zgb_�dhlhjh]h�klZlbklbq_kdb�aZ�

\bkbl� hl� ( )] W∗ � b� ( )[ W
[� �µ
∗ �� <� h[s_f� kemqZ_� \uoh^gu_� khh[s_gby� DE:� - 

nmgdpbhgZe�hl�ijhp_kkZ�z(t). 
LZdbf� h[jZahf�� DE:� ij_^klZ\ey_l� kh[hc� dhfihabpbx� kbgojhgguo�

\_jhylghklguo�Z\lhfZlh\��^\b`_gb_�dhlhjuo�khklhbl�ba�kdZqdh\�ijb�ih�

klmie_gbb� \oh^guo� kb]gZeh\�� b� kbkl_f�� hibku\Z_fuo� h[udgh\_ggufb�

^bnn_j_gpbZevgufb�mjZ\g_gbyfb�lZf��]^_�kdZqdb�hlkmlkl\mxl��<Z`guf�

ke_^kl\b_f� dmkhqgh-ebg_cgh]h� oZjZdl_jZ� aZdhgZ� baf_g_gby� \gmlj_ggbo�
khklhygbc�y\ey_lky�\hafh`ghklv�\uqbke_gby�fhf_glh\�gZklmie_gby�hkh�

[uo�khklhygbc�\�hihjgu_�fhf_glu� �\j_f_gb��qlh�kms_kl\_ggh�h[e_]qZ_l��

bo�fh^_ebjh\Zgb_��hkh[_ggh�_keb�bkihevam_lky��f_lh^�∆].  
K�lhqdb�aj_gby�mgbnbdZpbb�ijhp_kkZ�fh^_ebjh\Zgby�Z]j_]Zl�b�DE:�\�

qZklghklb�\uklmiZ_l�dZd�^hklZlhqgh�mgb\_jkZevguc�fh^mev�i_j_jZ[hldb�

bgnhjfZpbb� b� ij_^klZ\ey_l� kh[hc� fZl_fZlbq_kdmx� ko_fm� h[s_]h� \b^Z��

qZklgufb�kemqZyfb�dhlhjhc�y\eyxlky�D, F, P, Q - ko_fu��Wlh�fh`gh�\b�
^_lv�gZ�ke_^mxsbo�ijbf_jZo� 
Ijbf_j� �������JZkkfhljbf�Zkbgojhgguc� �\_jhylghklguc�Z\lhfZl�k�ZenZ�

\blhf�\oh^h\�b�\uoh^h\�Xa, Ya b�dhg_qguf�fgh`_kl\hf�Za�\gmlj_ggbo�kh�

klhygbc� 
{ } { } { }; . 0 1D D D= = =� � ������ � ����� � �������< ��= . 

?keb�\�fhf_gl�t�_]h�khklhygb_�za(t)=i�b�ihklmibe�\oh^ghc�kb]gZe�xa(t)=k��lh�

khklhygb_�za(t+0)=j�\u[bjZ_lky�kemqZcgh�k�\_jhylghklvx� 3 3LM
N

LM
N

M

1
� � � �

�≥ =∑
=

� �
�

 

^ey�ex[h]h��≤k≤K.�Lh�_klv�^ey�\oh^gh]h�khklhygby�xa(t) gZ^h�aZ^Zlv�fZl�

jbpm� ( )
3LM

[D ��Z�^ey�dhgdj_lgh]h�khklhygby�za(t) kljhdm�
( ) ( )( )3 3]D

[D
]D1

[D
� � �� ��<u�

oh^� \u^Z\Z_fuc� \� wlhl� fhf_gl�� h^ghagZqgh� hij_^_ey_lky� hi_jZlhjhf�
ya(t+0)=N�j)=m.�JZkkfZljb\Zy�Z\lhfZl�dZd�DE:��fh`gh�\\_klb�Za dZd�fgh�
`_kl\h�hkgh\guo�khklhygbc��kqblZy��qlh� Qν ν= = � �ijb� ν ∈, ��<_dlhj�^h�
ihegbl_evguo� khklhygbc�\�^Zgghf� kemqZ_�g_�hij_^_ey_lky�lZd `_��dZd�b�
fgh]h]jZggbd� =ν ��<k_�^\b`_gb_�khklhbl�ba�kdZqdh\�hkgh\gh]h�khklhygby�

ijb�ihklmie_gbb�\oh^gh]h�\ha^_ckl\by�b�nZdlbq_kdb�hij_^_ey_lky� �jZk�

ij_^_e_gb_f�3� ��hibku\Z_fuf�k_f_ckl\hf�fZljbp 

{ }3 3 [ ;LM
[D

D D� � �
� � ∈ .  

?keb� iheh`blv� ν µ λ= = = �� ^ey� \k_o� ν µ λ� � �� lh�DE:� ij_\jZsZ_lky� \�

\_jhylghklguc�Z\lhfZl�^hklZlhqgh�h[s_]h�\b^Z� 
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Ijbf_j��.2.2.�JZkkfhljbf�D-ko_fm��hibku\Z_fmx�mjZ\g_gb_f����� 

( )G]

GW
I W ] W [ W= � � �� � �  

ijb�bgl_]jbjh\Zgbb�j_r_gby�f_lh^hf�Wce_jZ��RZ]�bgl_]jbjh\Zgby�h�\u�
[bjZ_lky�ba�mkeh\by�[ebahklb�mjZ\g_gby�b�_]h�dmkhqgh-ebg_cghc�Ziijhd�
kbfZpbb�� Ijb� wlhf� djb\Zy� z(t) aZf_gy_lky� dmkhqgh-ebg_cghc� nmgdpb_c�
a� �] W ��a\_gvy�dhlhjhc�\�lhqdZo� W W NK N VN = + =� � �� � ���� � �bf_xl�m]he�α �gZdeh�

gZ��hij_^_ey_fuc�dZd 
( )WJ I W ] W [ WN N N Nα = �a� �� � � ,  

Z�^bnn_j_gpbZevgh_�mjZ\g_gb_�aZf_gy_lky�mjZ\g_gb_f�\�dhg_qguo�jZagh�

klyo� 
( )a� � a� � �a� �� � �] W ] W KI W ] W [ WN N N N N+ = +� . 

Ij_^klZ\eyy� lZdmx� ^bgZfbq_kdmx� kbkl_fm� \� \b^_� DE:,� \� dZq_kl\_� kh�
klhygby�\u[_j_f�iZjm�z(t)=(ν,z(ν))��]^_�ν -�ghf_j�bgl_j\ZeZ�\j_f_gb�\b^Z�
[t0+νh, t0+(ν+1)h]��y\eyxsbcky�hkgh\guf�khklhygb_f��Z� ( ) ( )] ] W ] W

7υ = � �� �� � �  

] ] W W K W� � �
� � � � � �a� ��
ν ν νν τ= = + − =��] -� \_dlhj� ^hihegbl_evguo� khklhygbc�� LZ�

dbf�h[jZahf, ( )] W ] W ] W
7

� � �a� �� � �= ν � ��IZjZ�z1(t),z2(t)�baf_gy_lky�ebg_cgh�ijb�

nbdkbjh\Zgghf� ν �� gh� ijb� z2(t)=0� ijhbkoh^bl� kdZqhd� \� fhf_gl�

W W K Vν ν ν= + =� �� � ��hij_^_ey_fuc�mjZ\g_gbyfb 

( ) ( )′ = + + = + =ν ν ν ν ν� � �� � �� � ���] �]W ] W W K ,    ( ) ( )] W ] W K
7

ν νν+ = +� � �� � �� . 

Ihke_�kdZqdZ�ijb� W W Wν ν< ≤ +� �^\b`_gb_�kbkl_fu�ijhbkoh^bl�\�khhl\_lkl�

\bb�k�khhlghr_gb_f 
] W ] W W W I W ] W [ W

] W K W W W K W W W

� � �

� � ��

� � � � � � � � � �� � ���

� � � � � � �

= + −
= − − = + + − = −+

ν ν ν ν ν

ν νν
 

LZdbf�h[jZahf��fh`gh�kqblZlv��qlh�\�^Zgghf�kemqZ_�^ey�DE: 
{ } { }

{ }
, V ] ]

P ] ]

= = = = ≥

= = =

� � � �

� �

�

�
�

� ����� � � � �

� � �

� � � �

� � � � � �

����Q ���=

������=

ν ν
ν ν

ν ν
ν ν

ν
 

<oh^ghc�kb]gZe� [ W� �ν �ihklmiZ_l�\�fhf_glu� W W Kν ν= +� �b�mqblu\Z_lky�ijb�

\uqbke_gbb�^Zevg_cr_]h�gZijZ\e_gby�^\b`_gby� 
Fh`gh�ihdZaZlv��qlh�h^ghdZgZevgZy�KFH��lh�_klv�lbih\Zy�Q-ko_fZ��

ij_^klZ\ey_lky�\�ijbf_j_��������dZd�Z]j_]Zl�h[s_]h�\b^Z��fh`_l�[ulv�ZgZ�

eh]bqgh�hij_^_e_gZ�dZd�DE:� 
����:]j_]Zlb\guc�ih^oh^�ijb�fh^_ebjh\Zgbb�keh`guo�kbkl_f 
Ijb�bkke_^h\Zgbb�keh`ghc�kbkl_fu�__�fh^_ev�m^h[gh�ij_^klZ\blv�\�

\b^_� Z]j_]Zlb\ghc� kbkl_fu� �:-kbkl_fu��� y\eyxs_cky� mihjy^hq_gguf�

fgh`_kl\hf� we_f_glZjguo� Z]j_]Zlh\� �:-ko_f�� b� hlghr_gbc� �\aZbfhk\y�

a_c��f_`^m�gbfb��H[f_g�bgnhjfZpb_c�f_`^m�:-kbkl_fhc�b�\g_rg_c�kj_�
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^hc�ijhbkoh^bl�ih�dZgZeZf�k\yab�q_j_a�Z]j_]Zlu��gZau\Z_fu_�ihexkZfb�

�:1:2:4�gZ�jbk�9��>\Z� Z]j_]ZlZ�Ai�b�Aj gZau\Zxlky�g_ihkj_^kl\_ggh�k\y�
aZggufb�� _keb� f_`^m� gbfb� kms_kl\m_l� ijyfZy� i_j_^ZqZ� bgnhjfZpbb� b�

k\yaZggufb�� _keb� f_`^m� gbfb� kms_kl\m_l� kh\hdmighklv� Z]j_]Zlh\�

Ai,Ak,...,An,Aj�lZdZy��qlh�dZ`^u_�^\Z�ba�khk_^gbo�Z]j_]Zlh\�g_ihkj_^kl\_g�

gh�k\yaZgu��Ijb�wlhf�Z]j_]Zl�Aj g_ihkj_^kl\_ggh�ke_^m_l��ke_^m_l��aZ�Z]�
j_]Zlhf�Ai�� Z�Ai g_ihkj_^kl\_ggh� ij_^r_kl\m_l� �ij_^r_kl\m_l��Aj�� _keb�

g_dhlhjZy� qZklv� \uoh^ghc� bgnhjfZpbb�Ai y\ey_lky� \oh^ghc� ^ey�Aj��Ih�

ZgZeh]bb� ^ey� mijZ\eyxsbo� \ha^_ckl\bc� bkihevamxlky� hlghr_gby� lbiZ�

©Z]j_]Zl�Ai�g_ihkj_^kl\_ggh�mijZ\ey_l��mijZ\ey_l���Z�Aj�g_ihkj_^kl\_ggh�

ih^qbg_g� �ih^qbg_g�� Z]j_]Zlm� Ajª�� _keb� g_dhlhjZy� qZklv� mijZ\eyxs_c�

bgnhjfZpbb�^ey�Aj y\ey_lky�\uoh^ghc�^ey�Ai. 
 
         
         
         
   

A1 
 

    
A3 

  

         
         
         
   

A2 
 

    
A4 

 

  

         
         
         

 
 
Ex[Zy�ih^kbkl_fZ�:-kbkl_fu�lZd`_�y\ey_lky�:-kbkl_fhc��:-kbkl_fZ�

gZau\Z_lky�dhfie_dkhf��_keb�__�ex[hc�Z]j_]Zl�k\yaZg�ohly�[u�k�h^gbf�Z]�

j_]Zlhf�wlhc�:-kbkl_fu��<�h[s_f�kemqZ_�:-kbkl_fZ�g_�y\ey_lky�dhfie_d�
khf��gh�dhfie_dkZfb�fh]ml�y\eylvky�__�ih^kbkl_fu��:-kbkl_fZ�gZau\Z_lky�
m-nZaghc��_keb�hgZ�khklhbl�ba�dhfie_dkh\��dZ`^uc�ba�dhlhjuo��aZ�bkdex�
q_gb_f� i_j\h]h�� g_ihkj_^kl\_ggh� ke_^m_l� lhevdh� aZ� h^gbf� dhfie_dkhf��

Fgh]hnZagZy�:-kbkl_fZ� y\ey_lky� dhfie_dkhf��:� kbkl_fZ� gZau\Z_lky� n-
dZgZevghc��_keb�hgZ�khklhbl�ba�n�g_k\yaZgguo�f_`^m�kh[hc�dhfie_dkh\��
Fgh]hdZgZevgZy�:-kbkl_fZ�g_�y\ey_lky�dhfie_dkhf��:-kbkl_fZ�gZau\Z_l�
ky�b_jZjobq_kdhc��k�h^gbf�mjh\g_f�mijZ\e_gby���_keb�hgZ�khklhbl�ba�g_�

dhlhjh]h� dhebq_kl\Z� dhfie_dkh\��ih^qbg_gguo� h^ghfm�ba�mijZ\eyxsbo�

dhfie_dkh\� 
H[sb_�ijbgpbiu�\aZbfh^_ckl\by�Z]j_]Zlh\�\�:-kbkl_fZo�khhl\_lkl�

\mxl�jZg__�jZkkfhlj_gguf�ijb�hibkZgbb�ko_fu�khijy`_gby�\�jZa^_e_������

A0  

A0

X(0)
 Y(0)

 

�����Jbk�9 
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Hgb�iha\heyxl�\\_klb�ke_^mxs__�hij_^_e_gb_:�ex[Zy�kh\hdmighklv�Z]j_�
]Zlh\�gZau\Z_lky�Z]j_]Zlb\ghc�kbkl_fhc��_keb�i_j_^ZqZ�bgnhjfZpbb�f_`�

^m� Z]j_]ZlZfb� ijhbkoh^bl� f]gh\_ggh� b� [_a� bkdZ`_gby��FZl_fZlbq_kdh_�

hibkZgb_� kljmdlmju� :-kbkl_fu� ijhba\h^blky� iml_f� aZ^Zgby� hi_jZlhjZ�
khijy`_gby� 

( )5 8 ; * < < 5 8V O
N

V L
M

� �
� � � �= → =� ���������� ,  

kihkh[u�ihkljh_gby�dhlhjh]h�jZkkfhlj_gu�\������Ijb�fh^_ebjh\Zgbb�Z]�

j_]Zlb\ghc� kbkl_fu� kqblZxl� ba\_klgufb:� hi_jZlhj� khijy`_gby�� bkoh^�
gu_�^Zggu_��g_h[oh^bfu_�^ey�Z\lhghfgh]h�fh^_ebjh\Zgby�dZ`^h]h�Z]j_�

]ZlZ� kbkl_fu�� \j_f_ggmx� ^bZ]jZffm� ihklmie_gby� \ha^_ckl\bc� \g_rg_c�

kj_^u��fh^_ev�Z]j_]ZlZ�:0). 
H[sbc� ih^oh^� d� ihkljh_gbx� fh^_ebjmxsbo� Ze]hjblfh\� :-kbkl_f�

aZdexqZ_lky�\�k\_^_gbb�aZ^Zqb�d�ihke_^h\Zl_evghfm�fh^_ebjh\Zgbx�Z]j_�

]Zlh\��\oh^ysbo�\�kbkl_fm��Ijb�wlhf�bkihevamxlky�f_lh^u�dZd�� �∆] ��lZd�b�

� �∆W ��?keb�\�kbkl_f_�hlkmlkl\mxl�h[jZlgu_�k\yab��lh�j_Zebam_lky�ke_^mx�
sbc� ih^oh^�� Fh^_ebjh\Zgb_� gZqbgZ_lky� k� ex[h]h� \oh^gh]h� ihexkZ� b�

ijh^he`Z_lky��ih�oh^m�i_j_^Zqb�\ha^_ckl\bc�^h�l_o�ihj��ihdZ�g_�^hoh^bl�

^h�\uoh^gh]h�ihexkZ�beb�Z]j_]ZlZ��gZ�dhlhjuc�ihklmiZxl�\ha^_ckl\by�hl�

g_kdhevdbo� Z]j_]Zlh\��<� ihke_^g_f� kemqZ_�fh^_ebjm_lky� ke_^mxsZy� p_�

ihqdZ�Z]j_]Zlh\�hl�\oh^gh]h��ihexkZ�^h�wlh]h�Z]j_]ZlZ�lZd�^h�l_o�ihj��ih�

dZ�g_�[m^_l�ihemq_gZ�ihegZy�^bZ]jZffZ�\oh^guo�b�mijZ\eyxsbo�\ha^_c�

kl\bc��ihklmiZxsbo�gZ� wlhl� Z]j_]Zl��>ZggZy�^bZ]jZffZ� y\ey_lky�ijhf_�

`mlhqghc�^bZ]jZffhc�\oh^guo�\ha^_ckl\bc�ih�hlghr_gbx�d�ijZ\hc�qZk�

lb�:�-�kbkl_fu��e_\Zy�]jZgbpZ�dhlhjhc��kf��jbk����hij_^_ey_lky�ijb�i_j_�
f_s_gbb�e_\hc� ]jZgbpu� kbkl_fu��q_j_a�dhlhjmx�ijhoh^yl�\oh^gu_�\ha�

^_ckl\by�\g_rg_c�kj_^u��L_f�kZfuf�kblmZpby�ih�kms_kl\m�\ha\jZsZ_lky�

d�gZqZevghc,�b�ijhp_kk�fh^_ebjh\Zgby�ijh^he`Z_lky�ZgZeh]bqguf�h[jZ�
ahf��Fh^_ebjh\Zgb_�hdZgqb\Z_lky�lh]^Z��dh]^Z�[m^ml�jZkkfhlj_gu�\k_�p_�

ihqdb�hl�\oh^guo�^h�\uoh^guo�ihexkh\��DZ`^uc�Z]j_]Zl�a^_kv�fh^_eb�

jm_lky�\�lhqdZo�hkh[uo�khklhygbc b�ijb�wlhf�ihke_^h\Zl_evgh�ijhke_`b�
\Z_lky�imlv�dZ`^h]h�\ha^_ckl\by�hl�\oh^gh]h�ihexkZ�^h�\uoh^gh]h��H[�

sZy�kljmdlmjZ�fh^_ebjmxs_]h�Ze]hjblfZ��j_Zebah\Zggh]h�f_lh^hf�©∆z» 
\�jZfdZo�^Zggh]h�ih^oh^Z�ij_^klZ\e_gZ�gZ�jbk���Z� 

?keb� \�:� -� kbkl_f_� ijbkmlkl\mxl� h[jZlgu_� k\yab�� lh� hq_gv� keh`gh�
hij_^_eblv�fhf_glu�ihklmie_gby�\ha^_ckl\bc�ih�dZgZem�h[jZlghc�k\yab�

[_a�fh^_ebjh\Zgby�\k_o�ho\Zq_gguo�__�Z]j_]Zlh\��Ihwlhfm�\�^Zgghf�kem�

qZ_�wnn_dlb\guf�y\ey_lky�j_ZebaZpby�Ze]hjblfZ�ih�f_lh^m�©∆tª��ijbq_f�
dhgdj_lgh_� agZq_gb_�bgl_j\ZeZ�f_`^m� khk_^gbfb� lhqdZfb�nbdkZpbb� kh�

klhygbc�we_f_glh\�:�-�kbkl_fu�ih^[bjZ_lky�gZ�w\jbklbq_kdhc�hkgh\_��GZ�
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jbk���[�^ZgZ�h[sZy�kljmdlmjZ�fh^_ebjmxs_]h�Ze]hjblfZ��hl\_qZxs_]h�aZ�

bfblZpbx�:�-�kbkl_fu�ih�f_lh^m�∆t. 
:]j_]Zlb\guc�ih^oh^�kha^Z_l�nhjfZevgmx�hkgh\m�^ey�Z\lhfZlbaZpbb�

fZrbgguo�wdki_jbf_glh\�b�iha\hey_l�ihkljhblv�mgb\_jkZevgmx�Z\lhfZ�

lbabjh\Zggmx� bfblZpbhggmx� fh^_ev� �M:BF��� j_Zebamxsmx� klZg^Zjl�

gmx�nhjfm�hibkZgby�keh`ghc�kbkl_fu.�WlZ�klZg^ZjlgZy�nhjfZ�nZdlbq_�
kdb�hl\_qZ_l�jZkkfhlj_gguf�\ur_�ihgylbyf�Z]j_]ZlZ�b�ko_f�__�khijy`_�

gby��M:BF�hnhjfey_lky�\�\b^_�iZd_lZ�ijbdeZ^guo�ijh]jZff��hkgh\gZy� 
 

 ⊗  ⊗  

 Nhjfbjh\Zgb_ ^bZ]jZff

\oh^guo \ha^_ckl\bc 
^ey :- kbkl_fu 

 GZqZeh pbdeZ ih qbkem 
rZ]h\ \ ^bkdj_lghf  
\j_f_gb t1=0+∆t 

 

     
 GZqZeh pbdeZ ijhkfhljZ 

\oh^guo beb ijhf�ihex- 
kh\ gZ khhl\�]jZgbp_ 
:-kbkl_fu 

 Hij_^_e_gb_ kibkdZ  
\oh^guo b mijZ\eyxsbo 
\ha^_ckl\bc :-kbkl_fu� 
hlg_k_gguo d fhf_glm tk 

 

     
 <u[hj i-]h \oh^gh]h ih- 

exkZ b fh^_ebjh\Zgb_ 
(∆z) \uo� \ha^_ckl\bc 

 GZqZeh pbdeZ ih qbkem 
Z]j_]Zlh\ :-kbkl_fu 

 

     
 Fh^_ebjh\Zgb_ (∆z) j-]h 

Z]j_]ZlZ \ p_ihqd_ hl i-]h 
ihexkZ 

 Hij_^_e_gb_ kibkdZ \o� 
b mijZ\eyxsbo \ha^_c- 
kl\bc ^ey i-]h Z]j_]ZlZ 

 

     
 NbdkZpby \uoh^guo \ha�

^_ckl\bc j-]h Z]j_]ZlZ 
 Fh^_ebjh\Zgb_ i-]h Z]j_- 

]ZlZ gZ bgl_j\Ze_ 
(tk, tk+∆t] 

 

 

     
 j-c 

Z]j_]Zl y\- 
ey_lky \uo� 
ihexkhf? 

 

 Hij_^_e_gb_ \uoh^guo 
\ha^_ckl\bc i-]h Z]j_]ZlZ� 
hlg_k_gguo d fhf_glm

tk+∆t 

 

     
 j+1-c 

bf__l g_k- 
dhevdh bklhqgbdh\ 

gZ \oh^_? 

  
 

   i = Na? 
 
 

 

     
  

Ijhkf�  
\k_ \oh^gu_ 
ihexku? 

 

 IjbjZs_gb_ fh^_evgh]h 
\j_f_gb  
tk=tk+∆t 

 

     
 Nhjfbjh\Zgb_ ^bZ]jZffu                   

+ 

+ 

    i=i+1 

j=j+1 

- 

-

-

+
+ 

 i=i+1 

 - 

  k=k+1 

-

 + 
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\oh^guo \ha^_ckl\bc 
^ey ijhf_`ml�ihexkZ b 
khhl\� ]jZgbpu :-kbkl_fu 

 
tk=T? 

     
 Nhjfbjh\Zgb_ ^bZ]jZffu

\uoh^guo \ha^_ckl\bc 
 Nhjfbjh\Zgb_ \uoh^guo 

\ha^_ckl\bc� hlg_k_gguo 
d fhf_glm tk=T 

 

 
 

 

⊗ 
  

 ⊗ 
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^h\Zgby�b�i_j_\h^Z�^Zgguo�\�klZg^Zjlguc�\b^� 
Dhgljhevgu_�\hijhku�b�aZ^Zgby 

1. HibkZlv�D -�ko_fm�ijbf_jZ�������\�\b^_ DE:�ijb�bkihevah\Zgbb�^jm]bo�
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2. JZkkfhlj_lv�hibkZgb_�D -�ko_fu�kbkl_fu�h[udgh\_gguo�^bnn_j_gpb�
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